
Este artículo puede ser usado únicamente para uso personal o académico. 
Cualquier otro uso requiere permiso del autor o editor. 

El siguiente artículo fue publicado en Revista Mexicana de Ingeniería 
Química, 15(1), 243-258 (2016); y lo puede consultar en 
http://www.rmiq.org/  

http://www.rmiq.org/


Vol. 15, No. 1 (2016) 243-258
Revista Mexicana de Ingeniería Química 

 
CONTENIDO 

 
Volumen 8, número 3, 2009 / Volume 8, number 3, 2009 
 

 

213 Derivation and application of the Stefan-Maxwell equations 

 (Desarrollo y aplicación de las ecuaciones de Stefan-Maxwell) 

 Stephen Whitaker 

 

Biotecnología / Biotechnology 

245 Modelado de la biodegradación en biorreactores de lodos de hidrocarburos totales del petróleo 

intemperizados en suelos y sedimentos 

 (Biodegradation modeling of sludge bioreactors of total petroleum hydrocarbons weathering in soil 

and sediments) 

S.A. Medina-Moreno, S. Huerta-Ochoa, C.A. Lucho-Constantino, L. Aguilera-Vázquez, A. Jiménez-

González y M. Gutiérrez-Rojas 

259 Crecimiento, sobrevivencia y adaptación de Bifidobacterium infantis a condiciones ácidas 

 (Growth, survival and adaptation of Bifidobacterium infantis to acidic conditions) 

L. Mayorga-Reyes, P. Bustamante-Camilo, A. Gutiérrez-Nava, E. Barranco-Florido y A. Azaola-

Espinosa 

265 Statistical approach to optimization of ethanol fermentation by Saccharomyces cerevisiae in the 

presence of Valfor® zeolite NaA 

 (Optimización estadística de la fermentación etanólica de Saccharomyces cerevisiae en presencia de 

zeolita Valfor® zeolite NaA) 

G. Inei-Shizukawa, H. A. Velasco-Bedrán, G. F. Gutiérrez-López and H. Hernández-Sánchez 

 

Ingeniería de procesos / Process engineering 

271 Localización de una planta industrial: Revisión crítica y adecuación de los criterios empleados en 

esta decisión 

 (Plant site selection: Critical review and adequation criteria used in this decision) 

J.R. Medina, R.L. Romero y G.A. Pérez 

 

 

 

 

A MATHEMATICAL MODEL AND DYNAMIC ANALYSIS OF ANAEROBIC
DIGESTION OF SOLUBLE ORGANIC FRACTION OF MUNICIPAL SOLID WASTE

TOWARDS CONTROL DESIGN
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MUNICIPALES ORIENTADO AL DISEÑO DE CONTROL
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Abstract
A dynamical model for anaerobic digestion (AD) is proposed for the soluble organic fraction of solid waste. The model
is proposed with the purpose of showing the feedback control of the process. The control scheme concerns the output
regulation of the organic matter effluent by achieving desired operation conditions, which are featured by the operational
stability. The operating conditions for the digester correspond to organic matter degradation and are named normal
operating conditions, which are computed from nontrivial equilibrium. Both the acidogenic and the methanogenic stages
are considered in dynamical model; including substrate and product inhibition. A PI feedback control is designed in order
to illustrate the control problem is solvable.
Keywords: anaerobic digestion, soluble organic fraction of municipal solid waste, dynamical model.

Resumen
Un modelo dinámico para digestión anaerobia es propuesto para la fracción orgánica soluble de residuos sólidos urbanos.
El modelo es propuesto con el propósito de mostrar una ley de control del proceso. El esquema de control consiste en la
regulación de la materia orgánica efluente como señal de salida mediante el mantenimiento de condiciones deseadas, las
cuales incluyen la estabilidad operacional. Las condiciones de operación para el digestor corresponden a la degradación de
la materia orgánica y son llamadas condiciones normales de operación, las cuales son calculadas de un equilibrio no trivial.
El modelo dinámico considera las etapas acidogénica y metanogénica; substrato y la inhibición por producto. Un control
PI retroalimentado es diseñado para ilustrar que el problema de control es resoluble.
Palabras clave: digestión anaerobia, fracción orgánica soluble de residuos sólidos municipales, modelo dinámico.

1 Introduction

Anaerobic digestion (AD) has recently gained
considerable importance as a waste treatment
technology to reduce organic matter in agro-food
industries and municipal effluents. The AD process
presents advantages compared to aerobic treatment
as: short hydraulic retention times, low sludge
production, high organic load removal, and low initial
and operating cost. Recently, much attention has been
paid to AD of the organic fraction of municipal solid
waste (OFMSW) as an attractive option technology
for efficient treatment and simultaneous production
of a renewable energy source through the use of

biogas (Mata-Alvarez et al., 2000). Nevertheless,
its widespread application has been limited, because
of the complexity of the process, and difficulties
involved in achieving a desirable operation of the
AD process. All these aspects can be overcome with
the development and improvement of instrumentation
and control systems (Jimenez et al., 2015; Méndez-
Acosta et al., 2008). Moreover, with a suitable
dynamic model it is possible to evaluate the AD
process behavior and to formulate and evaluate
control strategies. These models are also used in the
modeling, identification, design, optimization, and on-
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line monitoring of AD process (Gómez-Acata et al.,
2015; Cuevas-Ortiz et al., 2015).

The availability of a simple AD model is desired
as it captures the complexity of the process, and
allowing the sustained operation under a feedback
control law. Because of this, many studies have been
devoted to this aim. Kiely et al. (1997) proposed
a nonlinear dynamical model of AD of OFMSW
based on three previous models (Hill and Barth, 1977;
Moletta et al., 1986; Havlik et al., 1986). The model
includes: hydrolysis, acidogenic and methanogenic
processes, the growth kinetics of acidogenic and
methanogenic bacteria; also considered equilibrium
between CO2 and HCO−, cations and NH+4; finally
inhibition by ammonia in the growth kinetics of
methanogenic bacteria were also considered. Esposito
et al. (2008) described the dynamical anaerobic co-
digestion processes of OFMSW and sewage sludge.
The model (Esposito et al., 2008) describes the surface
based kinetic behavior of the OFMSW disintegration
process. From this seminal idea several studies have
been reported which include model calibration and
validation (Esposito et al., 2011a), effect of the organic
loading rate (Esposito et al., 2011b) and enhanced
bio-methane production from co-digestion. Other
contributions are based on distributed parameters. In
this sense, Vavilin et al. (2003) and Nopharatana et
al. (2003) take into account the change of a set of
parameters in the mathematical model involving the
flow liquid inside of the digester. Kinetic modeling
have been also reported for batch process of AD of
MSW (Nopharatana et al., 2007) and semicontinuous
OFMSW (Fernandez et al., 2010) under specific
operational conditions. Pavan et al. (2000) reported
the kinetic study of a two-phase AD process using
diffusional models; in addition, a comparison with a
single phase system is also carried out.
A theoretical principle states that the set of operational
conditions for AD process allows one to set
operational condition and, after that, to propose
feedback schemes to control and preserve such
operational conditions. Nevertheless, in order to
predict how the system responds during or after
a change of operational conditions is convenient
a mathematical model. The analysis of the
dynamical model allows us to formulate changes of
operational conditions and control strategies for the
AD process (Nopharatana et al., 2003). Although,
Alatiqi et al. (1994) analyzed AD mesophilic
and thermophilic processes schemes in terms of
stability and controllability, it is not clear yet

the role of the inhibition phenomenon. In same
direction, Bolzonella et al., (2003) studied the
variations of the process parameters during transient
conditions and identified dynamical behavior between
changes of stable conditions and parameter behavior;
nevertheless, there are not predictions of key variables
under an inhibition scenario.
Although several mathematical models reported
describe the AD process of organic solid phase (Kiely
et al., 1997; Esposito et al., 2008; Fernandez et
al., 2010), a model is desirable such that operational
conditions can be captured and control strategies
can be formulated in face to diverse scenarios.
Because of operational stability of the AD process
is largely dependent on the accumulation of VFA, a
model should include the dynamical behavior of VFA
inhibitory phenomenon. To our knowledge, only a
few contributions, among those that have addressed
the VFA accumulation, have identified acidification
as open-loop stable operational condition (Méndez-
Acosta et al., 2008; Myint et al., 2007). Moreover,
the problem of the operational instability due to
the accumulation of VFA remains open. In this
study a mathematical modelling of AD process and
mathematical analysis is addressed towards control
design. The first objective is the design a mathematical
model as simple as possible in terms of main key
variables. The technical difficulty resides in the
capability of the model to captures the dynamics of
the main operation conditions of real continuous AD
process as washout condition, acidification condition
and normal operation condition. The second objective
is the design a control scheme that is capable of
regulating the VFA concentration in continuous AD
process.
This contribution is organized as follows. A reduced
dynamical model is proposed and dynamic features are
exposed and analyzed in Section 2. In Section 3, a
control problem is formulated for a continuous AD of
OFMSW process. Then, in Section 4, a PI classical
feedback controller is derived and some simulations
are shown in order to illustrate the performance of
the controller. Finally, some concluding remarks are
addressed.

2 Model description

The dynamical model is derived from previous
proposals (Hill and Barth, 1977; Moletta et al., 1986;
Kiely et al., 1997). The model describes the dynamical
behavior of AD process of OFMSW through a set of
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nonlinear ordinary differential equation (ODE). Each
ODE is based on mass balance of components of
the continuous isothermal AD process. For overall
AD for OFMSW includes four steps: hydrolysis,
acidogenesis, acetogenesis and methanogenesis. The
hydrolysis is recognized as the rate-limiting step for
overall AD process, while methanogenesis is the
rate-limiting step for easily biodegradable substrates
(Ariunbaatar et al., 2014; Fernández-Güelfo et al.,
2011). The separation of the hydrolytic stage from
the methanogenic enhances a stable development of
each biochemical reaction, promoting organic matter
degradation and biogas production. Pretreatment
for the organic solid fraction and OFMSW might
be needed in order to ensure the transformation
of insoluble organics matter to soluble compounds
(Ariunbaatar et al., 2014; Cesaro et al., 2014). Thus,
the hydrolysis stage is neglected in the model but
assumed to be performed at previous pretreatment
stage.
The relation among microorganisms and substrates is
defined by mass balances under isothermal condition.
Four substrates are considering: soluble organic
mater, volatile fatty acids, ammonia and methane.
Acidogenic and methanogenic bacteria are included
in the model. The inhibition by volatile fatty acids
has been considered into the specific grow rate of
acidogenic bacteria. In addition, ammonia and
volatile fatty acids inhibition are included into the
specific grow rate of methanogenic bacteria. The
processes start with the degradation of organic soluble
matter. Continuous production of soluble organic
matter is supposed by the enzymatic action of the
acidogenic bacteria. In the next stage, acidogenic
bacteria produces a series of acids. Nevertheless,
only acetic acid is considered in the model. Finally,
acetoclastic methanogenic bacteria converts acetic
acid to methane. The pH is assumed constant
and the ionic dilute equilibrium is preserved. The
pressure is assumed constant P = Patm; which means
that despite of the fact that there is a continuous
production of mixture of gases (CH4, CO2, NH3)
the pressure of the AD process is maintained to
Patm. Then, the produced mixture of gases is
assumed to go directly out of the digester. The NH3
production rate is supposed less than methane and
carbon dioxide rates. During biochemical reactions
CO2 is also produced. Nevertheless, as operating
conditions (pH, temperature and pressure) and ionic
equilibrium are preserved, the relation between CH4
and CO2 is assumed constant. Then, CO2 and NH3
gas production rate are not modeled. Under above

assumptions and conditions, the dynamical behavior
for acidogenic biomass is described by (Hill and Barth,
1977; Moletta et al., 1986):

dX1

dt
= (µ1 −KD1 −D)X1 (1)

where X1 is the acidogenic biomass [mg/l]; KD1 is
related to the death rate of acidogenic biomass [d−1];
D is the dilution rate [d−1]; and µ1 is the specific
growth rate of acidogenic biomass [d−1] defined by
(Kiely et al., 1997):

µ1 =
µ1,max

1 +
KS 1
S O

+
VA

KIa1

(2)

where µ1,max stands for the maximum specific growth
rates [d−1]; KS 1 denotes the saturation constant for
the acidogenic bacteria growth [mg/l]; KIa1 is the
inhibition constant of acidogenic bacteria growth
[mg/l] which is related to volatile acid inhibition; S O
is the soluble organic matter concentration [mg/l];
and VA is the volatile acid concentration [mg/l]. The
dilution rate D [d−1] is defined as the ratio of the inlet
flow rate Qin [ld−1] respect to the reactor volume V [l].
The dynamic description for methanogenic biomass
is described by (Hill and Barth, 1977; Moletta et al.,
1986):

dX2

dt
= (µ2 −KD2 −D)X2 (3)

where X2 is the methanogenic biomass [mg/l]; KD2
is related to the death rate of methanogenic biomass
[d−1]; D is the dilution rate [d−1]; and µ2 is the specific
growth rate of methanogenic biomass [d−1] defined by
(Kiely et al., 1997):

µ2 =
µ2,max

1 +
KS 2
VA

+
VA

KIm1
+

NH3
KIm2

(4)

where µ2,max is the maximum specific growth
rates [d−1]; KS 2 is the saturation constant for the
methanogenic bacteria growth [mg/l]; KIm1 is the
inhibition constant of methanogenic bacteria growth
[mg/l] which is related to volatile acid inhibition; KIm2
is the inhibition constant of methanogenic bacteria
growth [mg/l] which is related to inhibition by
ammonia. The mass balance of the first stage is the
dynamic of soluble organics S O [mg/l] consists of the
following terms: (i) inlet-outlet mass balance related
with dilution rate D; (ii) consumption by acidogenic
bacteria with a yield coefficient YX1 [mg X1/mg S O];
and (iii) production by acidogenic bacteria with a yield
coefficient YX1S O [mg X1/mg S O] (Hill and Barth,
1977).

dS O

dt
= (S O,in − S O)D−

µ1X1

YX1
+
µ1X1

YX1S O
(5)
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The mass balance of the volatile organic acids VA
[mg/l] consists of the following terms: (i) inlet-
outlet mass balance related to the dilution rate
D; (ii) production by acidogenic bacteria with a
yield coefficient YX1VA [mg X1/mg VA]; and (iii)
consumption by methanogenic bacteria with a yield
coefficient YX2VA [mg X2/mg VA] (Hill and Barth,
1977).

dVA

dt
= D(VA,in −VA) +

µ1X1

YX1VA
−
µ2X2

YX2VA
(6)

The mass balance of NH4 [mg/l] consists of: (i) inlet-
outlet mass balance related to the dilution rate D; and
(ii) production by acidogenic bacteria with a yield
coefficient YNH4 [mg X1/mg NH4] (Kiely et al., 1997).

dNH4

dt
= D(NH4,in −NH4) +

µ1X1

YNH4
(7)

As low pressure operation and diluted system
condition is assumed, mass transference of NH3
between liquid and gaseous phases is neglected. Then,
the term related to gas-liquid mass transference of
ammonia is not included in equation (7) (Kiely et al.,
1997).
Because of both ionic equilibrium and pH constant
value are assumed, a linear relation between NH3 and
NH4 is defined by:

NH3 = NH4KNH4 = NH4
KiNH4

H+

MNH3

MNH4
(8)

where NH3 is the concentration of ammonia [mg/l];
NH4 is the concentration of ammonium [mg/l];
KNH4 is a constant which consist of the following
parameters: KiNH4 = 5.3 ∗ 10−10 @ 35 ◦C the
ionization constant; [H+] is the hydrogen ion
concentration (pH = −log[H+]); and the mol weight
of NH3 and NH4 stand for MNH3 and MNH4
respectively. For the proposes of this work the pH is
considered constant (pH = 7.0).
The methane gas flow [(lCH4/lreactor)d−1] is described
by the following algebraical equation (Kiely et al.,
1997):

QCH4 = µ2X2YCH4X2
S V

MX2
(9)

where YCH4X2 is the yield coefficient for methane
forming bacteria [mol CH4/mol org]; S V =

25.4[l/mol @ 35 ◦C] is the standard volume; and
MX2 = 111300[mg org/mol org] is the mole weight of
organisms (Hill and Barth, 1977). Under temperature
and pressure operating conditions there is very low
solubility of methane in the liquid phase. Therefore,

methane in liquid phase is neglected. Then, the AD
model is defined by a set of differential equations:

Φ̇ = f (Φ,Π), Φ(t0) = Φ0 (10)

which describes the dynamical behavior of AD
process for OFMSW, where the states variables stand
forΦ = [X1,X2,S O,VA,NH4] and an algebraic relation
of CH4 production. The set of parameter Π = {µ1max,
µ2max, KD1, KD2, YX1, YX1S O, YX1VA, YX2VA, YNH4,
KS 1, KS 2, KIa1, KIm1, KIm2, KNH4 } are real and
uncertain constants. The nominal values π0 ∈ Π and
additional parameters are shown in Table 1.

Departing from AD model (10) a complementary
analysis is desirable to determine which parameters
in Π affect the dynamical behavior of the field
f (Φ,Π). Then, to address the behavior of f (Φ,Π)
if the parameter values have changed, a sensitivity
parametric analysis (Khalil, 2002) has to be done. For
a set of parameters Π, the approximate solution for
the sensitivity function S f (t) = ΦΠ(t,π0) is computed
by the simultaneous solution of the nonlinear nominal
AD model (10) and the linear time-varying sensitivity
equation (Khalil, 2002):

Φ̇ = f (Φ,π0), Φ(t0) = Φ0

Ṡ f =

[
∂ f (Φ,Π)
∂Φ

]
π0

S f +

[
∂ f (Φ,Π)
∂Π

]
π0

, S f (t0) = 0

(11)
where S f ∈ R5×15. The Fig. 1 shows the solution
of equation (11) respecting to parameter set Π (Table
1), nominal operating condition (Table 2) and initial
condition Φ0 = [1,1,1,1,1]T . The parameters subset
having the most significant effect on dynamical
behavior of AD model (10) are µ1max, µ2max, KD1,
KD2, KS 1, KS 2, KIm2 and KNH4. The parameters
subset is in agree with the results reporter for Kiely
et al. (1997).

3 Open loop dynamical behavior
In order to compare qualitatively the AD model (10)
with literature an example of open loop simulations
are shown in Fig. 2. The nominal parameters π0 ∈ Π

(Table 1) and the nominal operating condition (Table
2) are used for open loop simulation. Two initial
condition Φ(t0) = Φ0 were explored. Case one stands
for the following initial condition Φ0 = [0.2, 0.1,
10, 1, 0.5]T [g/l]; and case two stands for the initial
condition Φ0 = [0.2, 0.1, 10, 2, 0.5]T [g/l]. For case
one, the trajectories of the states variables converge at
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desirable state steady X∗1 , 0, X∗2 , 0 and S ∗O < S O,in,
V∗A < VA,in, NH∗4 < NH4,in and QCH4 > 0 for all t > 0
(∗ denotes the equilibrium value). However, for case
two the trajectories of the states variables converge
at undesirable state steady X∗2 = 0, V∗A > VA,in and
QCH4 = 0 for all t ≥ 200 d. Despite of the fact that
values of parameters and operation condition are not
always valid for a specific composition of OFMSW the
qualitative behavior of the states variables are similar
to results obtained from literature (Hill and Barth,
1977; Kiely et al., 1997) in the sense of stabilized and
failed condition based on volatile acid concentration
and CH4 production.
Then, for the same operation condition, it is possible
to converge at these two state steady with a set
of two different initial conditions. In order to
determine convergence to a specific steady state is
convenient a dynamical analysis of the equilibrium
coordinates. Then, departing from physical properties
of the process, equilibrium points stability properties
are discussed.

4 The anaerobic digester operating
conditions

The following operating conditions can be defined for
the anaerobic digester:

• Washout condition. It is said that a digester is
operating in washout condition as the biomass
is inactive (X1 = 0, X2 = 0 for all t ≥ 0)
and the remaining states are given by its inlet
composition (S O = S O,in, VA = VA,in, NH4 =

NH4,in for all t ≥ 0). Such condition means
that the polluting compounds within the inlet
flow are not reduced by the biomass. This
operation conditions is undesirable. Then, in
order to avoid it, an operational constrain is
imposed to inlet flow or dilution rate (D). As a
consequence, upper operational value is defined
as D∗ < Dw, where D∗ is the actual operational
dilution rate and Dw is the dilution rate where
washout condition appears.

Table 1. Specifications for parameters. HB means obtained from Hill and Barth, (1977); and K from Kiely et al.
(1997). Notice that KNH4 comprises several parameters (see (8))

Symbol Constant Value Unit Source
Nominal values π0 ∈ Π

µ1max maximum specific growth rate X1 0.4 d−1 HB
µ2max maximum specific growth rate X2 0.4 d−1 HB
KD1 specific death rate of X1 0.025 d−1 HB
KD2 specific death rate of X2 0.04 d−1 HB
YX1 yield coefficient 0.2 mg X1/mg S O HB
YX1S O yield coefficient of S O for X1 0.243 mg X1/mg S O HB
YX1VA yield coefficient of VA for X1 2.45 mg X1/mg VA HB
YX2VA yield coefficient of VA for X2 0.06 mg X2/mg VA HB
YNH4 yield coefficient of NH4 for X1 0.1212 mg NH4/mg X1 HB
KS 1 saturation constant for the X1 25 mg/l HB
KS 2 saturation constant for the X2 150 mg/l HB
KIa1 inhibition constant of X1 1000 mg/l HB
KIm1 inhibition constant of X2 300 mg/l HB
KIm2 inhibition constant of X2 5 mg/l HB
KiNH4 ionization constant 5.3× 10−10 @ 35 ◦C K
MX2 mol weight of X2 111300 mg org/mol org K

Additional parameters
MNH3 mol weight of NH3 17.03 g/g mol
MNH4 mol weight of NH4 18.05 g/g mol
S v standard volume of ideal gas 25.4 l/mol @ 35 ◦C
KNH4 constant 0.005 @ 35 ◦C
pH 7.0
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Fig. 1. Numerical solution of the sensitivity function equation (11). Notice that, the parameters subset having the
most significant effect on dynamical behavior of AD model (10) are µ1max, µ2max, KD1, KD2, KNH4, KS 1, KS 2 and
KIm2.

Table 2. Specifications for nominal operating
condition.

Symbol Value Unit
S 0,in 15.0 g/l
VA,in 0.5 g/l
NH4,in 0.5 g/l
D 0.01 d−1

• Acidification condition. It is said that a digester
is operating in acidification condition (AC) as
the only methanogenic biomass is inactive (X1 >
0, X2 = 0 for all t ≥ 0), accumulation of VFA
is maintained (VA > VA,in) and some amount of
organic matter is treated (S O < S O,in, NH4 <
NH4,in) for all t ≥ 0.
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Fig. 2. Numerical solution of the AD model (10) with a set of nominal parameter π0 ∈ Π (Table 1) and nominal
operational condition (Table 2). ABCD) case one stand for initial condition Φ0 = [0.2, 0.1, 10, 1, 0.5]T [g/l]. EFGH)
case two stand for initial condition Φ0 = [0.2, 0.1, 10, 2, 0.5]T [g/l].

In other words, this means that the polluting
compounds within the wastewater are partially
removed by acidogenic bacteria. Accumulation
of VFA causes inhibition the methanogenic
biomass and only acidogenic biomass is

active, as a consequence there is not methane
production (QCH4 = 0). It should be note that
in real-life experiments, an anaerobic digester
can has VFA accumulation with consequent
acidification of bioreactor, thus a possible
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failure (i.e. washout condition). In order to
avoid acidification condition, a reduction of
dilution rate is done while a methane conversion
inefficiency is noticed. This prevents the
biomass form short-term stress/inhibition and
provides some time to human operators to fix
the problem. Note that, in most of real-life
experiments it is not identified the upper value
restriction of inlet flow or D∗ which allow to
prevent this condition, nevertheless there is a
knowledge that this value is lower than Dw.

• Normal operation condition. It is said that
a digester is operating in Normal operation
condition (NOC) as the biomass is active (X1 >
0, X2 > 0 for all t ≥ 0) and the remaining states
accomplish S O < S O,in, and VA < VA,in. Then, a
fraction of organic matter feeding to AD process
is reduced by the acidogenic and methanogenic
biomass activity.

5 Dynamic analysis
In order to recognize the possible steady-state
solutions for model (10) it is necessary to derive
the coordinates of equilibrium. Furthermore, it can
be compute equilibrium point and classifier in the
sense of stability criterion. Then, such information
gives us the main dynamical characteristics of the
model. Dynamical analysis of the AD model (10)
is performed via linearization principle. Roughly
speaking, the procedure consists of the following
steps:

• to derive the coordinates of the equilibrium Ψ∗j
under a particular considerations from nonlinear
AD model (10)

• to compute an equilibrium point ψ∗i of the
coordinate Ψ∗j under dilution rate value D∗,
nominal parameters π0 ∈ Π and nominal inlet
operating condition.

• to find the Jacobian matrix of the nonlinear
model (10)

• to compute eigenvalues λψ∗i of the Jacobian
matrix at an equilibrium point ψ∗i

• to corroborate the criteria of locally
asymptotically stability. Such that, if all
eigenvalues have negative real parts the
equilibrium point is locally asymptotically

stable. Otherwise, if there is almost one
eigenvalue with positive real parts it is an
unstable equilibrium point.

First, considering the trivial solution for AD model
(10), the coordinate of the equilibrium Ψ∗1 is:

X∗1 = 0
X∗2 = 0
S ∗O = S O,in
V∗A = VA,in
NH∗4 = NH4,in

(12)

Then, for a nominal values and nominal operation
condition, the equilibrium point is ψ∗1 ∈ Ψ

∗
1 = [0.0, 0.0,

15.0, 5.0, 0.5, 0.0]T [g/l] for D∗ > 0 (Fig. 3). The
eigenvalues λψ∗1 of the Jacobian matrix of AD model
(10) at ψ∗1 are shown in Fig. 4. As eigenvalues λψ∗1 are
positives for D∗ < 0.241 the AD system is unstable.
Nevertheless, the equilibrium point ψ∗1 is stable (λψ∗1 <
0) for D∗ ≥ 0.241. The stable operational condition of
Ψ∗1 is known as washout condition and this undesirable
operation arises for D∗ ≥ 0.241. For practical proposes
in real applications this value is known as the upper
bound of the admissible dilution rate of operational
condition Dw = 0.241.
From AD model (10) under X1 = 0 and X2 , 0
restrictions, four components of the coordinate of
equilibrium Ψ∗2 are:

X∗1 = 0

X∗2 =
(VA,in −V∗A)DYX2VA

µ2
S ∗O = S O,in
NH∗4 = NH4,in

(13)

and the coordinate of equilibrium for VA is determinate
for the solution of the following quadratic equation:

a1V2
A + b1VA + c1 = 0 (14)

where the coefficient a1, b1 and c1 are:

a1 = KIm2

b1 = KIm1
KIm2 + NH∗4KNH4 − µ2,maxKIm2

KD2 + D∗
c1 = KS 2KIm1KIm2

(15)

As quadratic equation (14) has two solutions V∗A,+
and V∗A,− (where V∗A,+ > V∗A,−), two set of equilibrium
points are found such as VA,+ ∈ ψ

∗
2 and VA,− ∈ ψ

∗
3.

The numerical solution of ψ∗2 and ψ∗3 are shown in
Fig. 3. The eigenvalues λψ∗2 and λψ∗3 of the Jacobian
matrix of AD model (10) at ψ∗2 and ψ∗3 respectively are
shown in Fig. 4. As some elements of λψ∗2 and λψ∗3
are positive for all D∗ > 0, the equilibrium point ψ∗2
and ψ∗3 are unstables, thus these equilibrium points are
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not arise for D∗ > 0. It is important to mention that
for these coordinate of equilibrium X1 = 0, S O = S O,in
and NH4 = NH4,in for t > 0. In other words, this
means that the VA compounds within the wastewater

are partially removed by mehtanogenic bacteria (X2).
Indeed, such operation conditions does not arise in
real-life experiments for one stage AD process.
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Fig. 3. Numerical solution of equilibrium point ψ∗i for i = 1− 8 with a set of nominal parameter π0 ∈ Π (Table 1)
and nominal operational condition (Table 2).
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Fig. 4. Numerical solution of eigenvalue λψ∗i of the Jacobian matrix of AD model (10) at ψ∗i for i = 1− 8 with a set
of nominal parameter π0 ∈ Π (Table 1) and nominal operational condition (Table 2).

From AD model (10) under X2 = 0 and X1 ,
0 restrictions, four components of the coordinate of
equilibrium Ψ∗3 are: X∗1 =

(
S O,in − S ∗O

) ( 1
YX1
−

1
YX1S O

)−1 (
D∗

µ1

)
X∗2 = 0

V∗A =
S O,in − S ∗O

YX1VA

(
1

YX1
−

1
YX1S O

)−1

+ VA,in

NH∗4 = NH4,in +
µ1X∗1YNH4

D∗

(16)
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and the coordinate of equilibrium for S O is determined
for the solution of the following cubic equation:

a2S 2
O + b2S O + c2 = 0 (17)

where the coefficient a2, b2 and c2 are:

a2 = −

(
1

YX1
−

1
YX1S O

)−1

D∗

b2 = KIa1D∗YX1VA +

(
1

YX1
−

1
YX1S O

)−1

S O,inD∗

+VAinD∗YX1VA −
µ1,maxKIa1D∗YX1VA

KD1+D∗

c2 = KS 1KIa1YX1VAD∗

(18)
As quadratic equation (17) have two solution S ∗O,+
and S ∗O,− (where S ∗O,+ > S ∗O,−), two set of equilibrium
points are found such as S O,− ∈ ψ

∗
4 and S O,+ ∈ ψ

∗
5. The

numerical solution of ψ∗4 and ψ∗5 are shown in Fig. 3.
Eigenvalues λψ∗4 and λψ∗5 of the Jacobian matrix of AD
model (10) at ψ∗4 and ψ∗5 respectively are shown in Fig.
4. Notice that negative values S ∗O,− < 0 for D∗ > 0
has non physical meaning, then equilibrium point ψ∗4
does not arise in real application of AD model (10).
The equilibrium point ψ∗5 which has physical meaning
(ψ∗5 ∈ <

5+) arises for 0 < D∗ < 0.241. Moreover, as all
eigenvalues are negatives (λψ∗5 < 0) for 0 < D∗ < 0.241
the equilibrium point ψ∗5 is stable for 0 < D∗ < 0.241.
Notice that D∗ ≥ 0.241 is the washout condition Dw
at equilibrium point ψ∗1. Thus the stable region of
ψ∗5 is achieve for 0 < D∗ < Dw. In order to study
the physical interpretation of ψ∗5 for 0 < D∗ < Dw
considered the accumulation of VFA (V∗A > VA,in for
0 < D∗ < Dw, X∗2 = 0 and X∗1 , 0). This phenomenon
results from the imbalance between acidogenesis and
methanogenesis leading thus to acidification. Since
the methanogenesis is slower than acidogenesis and
the expression µ2 include inhibition for VA, the
equilibrium point ψ∗5 for 0 < D∗ < Dw is in practice
the undesirable acidification condition.
From AD model (10) under X1 , 0 and X2 , 0
restrictions, four components of the coordinate of
equilibrium Ψ∗4 are:

X∗1 =
(E31 − E32V∗A)

(E33 − E34V∗A)µ1

X∗2 =
D∗YX1VAYX2VA(VA,in −V∗A) + YX2VAµ1X∗1

YX1VAµ2

S ∗O =
E11

E12 − E13V∗A

NH∗4 =
E22V∗A − E21 − E23V∗2A

E24V∗A
(19)

and the solution of the following cubic equation:

E52V3
A + E53V2

A + E54VA + E55 = 0 (20)

where Ei j (see Appendix A) contain parameters π0 ∈ Π

and nominal operating condition. As cubic equation
(20) have three solution V∗A,a, V∗A,b and V∗A,c (where
V∗A,a ≥ V∗A,b ≥ V∗A,c), three set of equilibrium points are
found ψ∗R6, ψ∗R7, ψ∗R8 where VA,a ∈ ψ

∗
6, VA,b ∈ ψ

∗
7 and

VA,c ∈ ψ
∗
8. Fig. 3 shows the numerical solution of ψ∗6,

ψ∗7, and ψ∗8. The eigenvalues λψ∗6 , λψ∗7 and λψ∗8 of the
of the Jacobian matrix of AD model (10) at ψ∗6, ψ∗7 and
ψ∗8 respectively are shown in Fig. 4. The equilibrium
point ψ∗6 has non physical meaning (X∗1 < 0, N∗NH4 < 0)
for D∗ > 0, thus ψ∗6 does not arise in real application
of AD model (10). The equilibrium point ψ∗7 has
physical meaning; nevertheless, as some eigenvalues
are positives for D∗ > 0 the equilibrium point is
unstable, thus ψ∗7 does not arise in real application
of AD model (10). The equilibrium point ψ∗8 has
physical meaning for D < DPM where DPM = 0.0372,
nevertheless eigenvalues λψ∗8 are negatives only for
0 < D∗ < 0.0372. Then ψ∗8 is a stable equilibrium
point for 0 < D∗ < 0.0372. Indeed, ψ∗8 is a desirable
operating condition for real application of AD model
(10) known as normal operation condition (X∗1 > 0,
X∗2 > 0, S ∗O < S O,in and V∗A < V∗A,in for 0 < D∗ <
0.0372). Then for AD model (10), exists a lower and
upper operating bound [D,D] such that ψ∗8 ∈ R5

+ =

{ψ∗8 ∈ R5
+|ψ8,min ≤ ψ8 ≤ ψ8,max ; ψ8,min > 0 and

ψ8,max < ∞} ⊂ R5
+ where ψ8,min is obtained when

D is used and ψR8,max is obtained when D is used.
Indeed, D is called the minimum permissible value
which corresponds to the minimum dilution rate to
guarantee some waste is treated and D is the maximum
permissible value to ensure stability operation. Then
for AD model (10) with nominal parameters and
nominal operational condition D = 0.0372.

Table 3 shows the numerical evaluation of the
equilibrium points ψ∗i for i = 1 − 8 for a set of
nominal parameter π0 ∈ Π and nominal operational
condition. Notice that case one and case two of open
loop simulation (Fig. 2) correspond to steady state of
equilibrium points ψ∗5 and ψ∗8 respectively.

Table 4 depicts the summary of the numerical
evaluation of stability analysis. Notice that only the
equilibrium points ψ∗1, ψ∗5 and ψ∗8 exhibit a stable
region for D∗ such that the equilibrium point has
physical meaning. Then, without loss of generality
the AD model (10) with a set of nominal parameter
π0 ∈ Π and nominal operational condition admits the
following stable equilibrium points:
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Table 3. Equilibrium point values ψ∗i for i = 1− 8 of AD model (10) under nominal parameter π0 ∈ Π and nominal
operating condition. Notice that equilibrium points ψ∗5 and ψ∗8 correspond to steady state of case one and case two

of open loop simulation respectively (see Fig. 2).
Ψ∗j ψi X∗1 X∗2 S ∗O V∗A NH∗4 Q∗CH4
Ψ∗1 ψ∗1 0.0 0.0 15000.0 5000.0 500.0 0

Ψ∗2
ψ∗2 0.0 −16.96 15000.0 1913.7 500.0 −0.013
ψ∗3 0.0 5.71 15000.0 23.51 500.0 0.004

Ψ∗3
ψ∗4 6952.6 0.0 −6530.41 10432.4 3449.3 0.0
ψ∗5 4841.1 0.0 8.29 7415.9 2553.6 0.0

Ψ∗4

ψ∗6 −61526.5 −1173.8 205529.8 10428.4 −25599.5 −0.930
ψ∗7 4842.9 74.238 2.718 1232.0 2554.3 0.058
ψ∗8 4843.0 88.588 2.405 36.526 2554.4 0.070

Note: the units of ψ∗i for i = 1− 8 are [mg/l] and Q∗CH4 is [(lCH4/lreactor)d−1].

Table 4. Summarize of numerical evaluation of stability analysis. AC means acidification condition and NOC
means normal operation condition.

Ψ∗j ψ∗i
Physical No physical Stable D∗ Unstable D∗ Operation
meaning meaning region region condition

Ψ∗1 ψ∗1 D∗ > 0 D∗ ≥ Dw D∗ < Dw Washout

Ψ∗2
ψ∗2 D∗ > 0 D∗ > 0
ψ∗3 D∗ > 0 D∗ > 0

Ψ∗3
ψ∗4 D∗ > 0 D∗ > 0
ψ∗5 0 < D∗ < Dw D∗ ≥ Dw 0 < D∗ < Dw D∗ ≥ Dw AC

Ψ∗4

ψ∗6 D∗ > 0 D∗ > 0
ψ∗7 0 < D∗ < DPM D∗ ≥ DPM D∗ > 0
ψ∗8 0 < D∗ < DPM D∗ ≥ DPM 0 < D∗ < D D∗ ≥ D NOC

where D = 0.0372, DPM = 0.066 and Dw = 0.241. Notice that D < DPM < Dw.

• Washout condition. It is said that a digester is
operating in washout condition as the biomass
is inactive (X1, X2 = 0 for all t ≥ 0) and
the remaining states are given by its inlet
composition (S O = S O,in, VA = VA,in, NH4 =

NH4,in for all t ≥ 0). This condition arises for
D∗ ≥ Dw. Then, to avoid it, the dilution rate is
constrained in practice. The washout condition
is locally asymptotically stable for D∗ < Dw
and it becomes globally asymptotically stable
for D∗ ≥ Dw.

• Acidification condition. It is said that a digester
is operating in acidification condition as the
only methanogenic biomass is inactive (X1 >
0, X2 = 0 for all t ≥ 0), accumulation of
VFA is maintained (VA > VA,in) and some
amount of organic matter is treated (S O <
S O,in, NH4 < NH4,in) for all t ≥ 0. This
condition arises for 0 < D∗ < Dw. Then, the
dilution rate is constrained to avoid it in practice

under overload scenario of organic matter. The
acidification condition is locally asymptotically
stable for 0 < D∗ < D and it becomes globally
asymptotically stable for D < D∗ < Dw.

• Normal operation condition. It is said that
a digester is operating in normal operation
condition as the biomass is active (X1, X2 > 0 for
all t ≥ 0) and the remaining states accomplish
S O < S O,in, and VA < VA,in. Then, a fraction of
organic matter feeding to AD process is reduced
by the acidogenic and methanogenic biomass
activity. The Normal operation condition
(NOC) Ω∗NOC = {ψ∗8 ∈ R5

+|ψ
∗
8,min ≤ ψ

∗
8 ≤ ψ

∗
8,max

; ψ∗8,min > 0 and ψ∗8,max < ∞} ⊂ R5
+ is locally

asymptotically stable for [D,D].

From the results obtained analytically of coordinates
of equilibrium Ψ∗j ( j = 1−4) and numerical evaluation
of ψ∗i and λψ∗i for i = 1,2, . . . ,8 under nominal
parameter π0 ∈ Π and nominal operational condition
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the following conjecture is assessed:
Conjecture 1. Consider the anaerobic digester
model Φ̇ = f (Φ,Π). Then, assuming that the inlet
composition S O,in, VA,in and NH4,in is piecewise
constant, system Φ̇ = f (Φ,Π) has a locally
asymptotically stable equilibrium point Φ∗NOC for a
constant D∗ ∈ [D,D] under normal operating condition
(X1 > 0, X2 > 0, S O < S O,in, VA < VA,in). In addition,
such an equilibrium point is contained into the close
setΩNOC = {ψ∗NOC ∈ R5

+|ψ
∗
NOC,min ≤ ψ

∗
NOC ≤ ψ

∗
NOC,max

; ψ∗NOC,min > 0 and ψ∗NOC,max < ∞} ⊂ R5
+ which

contains all normal operating conditions; where
ψ∗NOC,min is obtained for D∗ and ψ∗NOC,max for D∗
respectively.

It is clear that the AD model (10) has two locally
stable equilibrium point under [D,D] operation.
Despite of dilution rate restriction [D,D] the systems
can rich two stable states: the desirable NOC or
undesirable acidification. If a set of parameters
and operating condition remain constant, to rich
one of these stable states will depend on initial
condition (Φ(t0) = Φ0). For real-life application,
this assumption is considered valid for lab-scale
under controlled condition, where dilution rate is
maintained in a constant value and inlet composition
is fixed and known. Then, AD model is
candidate for application on startup lab-scale AD
process under constant operation condition. Another
possible application is prediction of small changes of
operational condition, where variation in parameters
is neglected. In other words, AD model are able
to predict NOC, acidification or washout operation
condition under initial condition if operation condition
(inlet composition and dilution rate) and parameters
are remained constant.
For real-life industrial scale application, the inlet
composition is not fixed and it varies in time around
a nominal value. Such variation can lead in overload
organic matter and possible acidification or failure of
AD process (washout). Then, in order to maintain
NOC and avoid undesirable operation condition it
is necessary a control scheme such that NOC is
preserved.

6 Feedback control design
When AD process of OFMSW is used for treatment
purposes, the control objective is the regulation of
the effluent organic matter despite of fluctuations
at the inlet composition (i.e. S O,in, VA,in). The

overall objective in AD process is the conversion
of organic matter into a mixture mainly composes
of methane and carbon dioxide. Then, in case of
non particulate substrate or non-excessively complex
organic matter, the limiting step is the conversion
of volatile fatty acids into methane (Ariunbaatar
et al., 2014; Fernández-Güelfo et al., 2011). In
fact, VFA may accumulate provoking the undesirable
acidification operation point and the overall failure of
the operation. In this sense, the control problem is
formulated to achieve a desirable value of VA through
the action of a control scheme.
From AD model (10), it has been shown (Conjecture
1) that Φ̇ = f (Φ,Π) has a locally stable equilibrium
point for NOC. Then, by selecting an adequate D∗

it is possible obtain a desirable value Vre f
A such that

Vre f
A ∈ Ω∗NOC . This objective is accomplished by

manipulating the dilution rate D, obeying a control
law. In order to design a control law the following
assumptions (which are congruent with the previous
discussion) are supposed:
Assumption 1. Only the VA is available for on-line
measurement.
Assumption 2. The influent concentrations for S O,in,
VA,in and NH4,in are piecewise constants, bounded and
uncertain functions.
Assumption 3. The growth kinetics for the acidogenic
and methanogenic stages are: smooth, bounded and
uncertain functions.
Assumption 4. The dilution rate is constrained by
saturation function:

sat(D) =


D i f D ≥ D
D i f D < D < D
D i f D ≤ D

(21)

where the bounds D and D are known, D ∈ R+ and
Dsat = sat(D).
Assumption 1 is not restrictive in sense that there
is available technology to measure on-line VA by
direct relationship with volatile fatty acid (VFA) or
indirectly, throughout linear function with another
key variable as total alkalinity. Notice that under
Assumption 1-3 the controller must be restricted. For
practical D is common restricted to avoid washout
condition; nevertheless for AD model (10) Φ̇ =

f (Φ,Π) as D < Dw the saturation function sat(D) is
restricted to upper bound D to prevent acidification
point.
In order to show the control problem is solvable a PI
controller is designed. First, a linear nominal plant is
derive (Khalil, 2002) from nonlinear AD model (10) at
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equilibrium point ψ∗NOC and nominal parameter values
π0 ∈ Π:

ẋ =

[
∂ f (Φ,Π)
∂Φ

]
ψ∗NOC

x +

[
∂ f (Φ,Π)
∂D

]
D∗

u; x (t0) = x0

y = [0,0,0,1,0]x
(22)

where u is the input variable D and the output variable
y is VA. Then, with the dynamical characteristics of
the nominal plant a controller is obtained:

K0(s) = Kp,0 + Ki,0

(
1
s

)
(23)

where Kp,0 is the proportional constant and Ki,0 is
the integral constant. Here, since nominal process
model (22) is available, a classical tuning method is
used in order to obtain the values of K0 = [Kp,0,Ki,0].
Using Ziegler-Nichols (Yu, 2002) tuning rule a
set of constants are obtained K0 = [Kp,0,Ki,0] =

[0.0087,0.31102].

The Fig. 6 shows the numerical results of the
performance of the PI controller K0 under set point
changes and load disturbances (see Fig. 5) on the
nonlinear AD model (10). The load disturbances are
simulated with changes in S O,in among the nominal
inlet concentration S O,in = 15 [g/l] (Table 2). The PI
controller performance remains acceptable throughout
the simulations; nevertheless it is deteriorated at the
set point changes. As set point changes the control
input (dilution rate) can lead to undesirable operation
condition of the AD process such a saturation, which
it can not be accepted in practice. In order to show the
performance of the controller under changes of tuning
rules, a change in proportional parameter is explored
under two additional controllers K1 = [0.75Kp,0,Ki,0]
and K2 = [2Kp,0,Ki,0].
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Fig. 5. Inlet concentration disturbances S O,in for
closed-loop simulation of the controlled system. The
inlet concentration S O,in is fixed among the nominal
inlet concentration S O,in = 15 [g/l] (Table 2).
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Fig. 6. Closed-loop behavior of the controlled system
under inlet disturbances (see Fig. 5). A) output
VA concentration is maintained close of changes
in set point concentration among the coordinate of
equilibrium point V∗A ∈ Ω

∗
NOC = 36.5. B) control input

dilution rate D compute by the controller K0, K1 and
K2. C) estimate methane gas production rate CH4
in the controlled system. Notice that controller K2
achieves the set point values (VA reference) faster with
less control effort (D) than controller K0 and K1.

The Fig. 6 shows the numerical results of the
performance of the PI controller K1 and K2 under
inlet disturbances (see Fig. 5). Controller K0 shows
less convergence and major control effort with respect
to controller K1 and K2. The controller K2 shows
less control effort and faster convergence to VA,re f
with respect to controller K0 and K1. Despite of
improvement with a trial an error tuning schema,
robust control strategies should be explorer.

7 Concluding remarks

A simple model of AD process of OFMSW is
proposed for control process. The model includes
adequate description of: (i) two metabolic stages such
as acidogenesis and methanogenesis are considered;
(ii) inhibition product is included; (iii) ionic
equilibrium is assumed.
The AD model (10) predicts washout, acidification,
and normal operation condition. These operation
conditions were addressed for existence and stability
criterion. Note that AD model predict acidification
condition, it is important issue such that it can
be used to obtain confidence intervals of operation,
process design and experimental strategies with less
disruption.
Under dynamical analysis, it was possible to asses
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a general framework to synthesize a classical PI
controller. Numerical simulations showed that under
nominal parameter is possible achieve stabilization
of no linear AD process of OFMSW under inlet
disturbances. For some change of set point
and persistent disturbances the controller present
performance organic matter degradation, for these
cases is necessary a different framework in order to
face this issue; indeed, results in this direction will be
reported elsewhere.
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Appendix A
The Ei j for i, j = 1,2,3,4,5 terms of the equation (19)
and (20) are the following:
E11 =

(
KD∗1 + D∗

)
KS 1KIa1

E12 = µ1,maxKIa1 −
(
KD∗1 + D∗

)
KIa1

E13 =
(
KD∗1 + D∗

)
E21 =

(
KD∗2 + D∗

)
KIm1KIm2KS 2

E22 = µ2,maxKIm1KIm2 −
(
KD∗2 + D∗

)
KIm1KIm2

E23 =
(
KD∗2 + D∗

)
KIm2

E24 =
(
KD∗2 + D∗

)
KIm1KNH4

E31 = YX1YX1S OD∗
(
S O,inE12 − E11

)
E32 = YX1YX1S OD∗S O,inE13
E33 = (YX1S O −YX1) E12
E34 = (YX1S O −YX1) E13
E51 = −D∗

E52 = E51E34E23
E53 = −D∗NH4,inE24E34−YNH4E24E32−E51E34E22−

E51E33E23
E54 = D∗NH4,inE24E33 + YNH4E24E31 + E51E21E34 +

E51E33E22
E55 = E51E21E33
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