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SUMMARY

In this paper we consider a special class of integral delay systems arising in several stability
problems of time-delay systems. For these integral systems we derive stability and robust stability
conditions in terms of Lyapunov-Krasovskii functionals. More explicitly, after providing the stability
conditions we compute quadratic functionals and apply them to derive exponential estimates for

solutions, and robust stability conditions for perturbed integral delay systems.
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1. INTRODUCTION

Recently, in References [1, 2] it has been shown that some system transformations, commonly
used to obtain delay-dependent stability conditions for time-delay systems, introduce
additional dynamics. Additional dynamics are responsible for the lack of equivalence in the
stability property of the original and the transformed systems, i.e., the original system may be
stable while the transformed one is not. It has been shown in Reference [3] that the additional
dynamics are described by a special integral delay system. Stability of the integral system is a
necessary condition for the stability of the transformed system, see Reference [3].

Similar integral systems describe the internal dynamics of the controllers used for finite
spectrum assignment of time-delay systems, see Reference [4]. It has been demonstrated in
References [5, 6, 7] that the internal stability of such controllers is an essential condition for
their successful implementation.

Integral delay systems also appear in the stability analysis of the difference operator of some
neutral type functional differential equations. Stability of the difference operator is a necessary
condition for stability of the neutral type functional differential equation, see Reference [8] for
details.

These three different sources of stability problems associated with time-delay systems
motivate us to look for stability and robust stability conditions of a special class of integral
delay systems. To the best of our knowledge, no attempt has been made to derive such
conditions for integral delay systems in terms of Lyapunov-Krasovskii functionals.

We present such stability conditions, and give a statement guaranteeing the existence of
Lyapunov-Krasovskii functionals for integral delay systems, which leads to a procedure for
finding the functionals. Finally, we show how the functionals can be used to derive exponential
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STABILITY CONDITIONS FOR INTEGRAL DELAY SYSTEMS 3

estimates for solutions, and robust stability conditions for perturbed systems.

The paper is organized as follows: In section 2, we shortly describe how additional dynamics
appear in time-delay systems. We discuss the internal stability problem of the controllers used
for finite spectrum assignment of time-delay systems, and the stability problem of difference
operators in neutral functional differential equations. We also introduce the class of integral
delay systems that will be studied in the paper. Section 3 presents some preliminary results.
The existence, uniqueness and stability of solutions are briefly discussed. The Cauchy formula
for solutions of integral delay systems is also presented. In section 4, Lyapunov-Krasovskii
stability conditions for integral delay systems are given. A converse result, providing a
constructive procedure for computing Lyapunov-Krasovskii functionals of a given exponentially
stable integral delay system, is presented in section 5. Functionals are used to derive exponential
estimates for the solutions in section 6. In section 7, the functionals are applied for robust

stability analysis of perturbed systems. Concluding remarks end the paper.

2. MOTIVATION OF THE INTEGRAL SYSTEMS

We first briefly describe how additional dynamics appear in the stability analysis of time-delay

systems. Let us consider a time-delay system of the form
#(t) = Aow(t) + Ava(t — h) / G60)x(t + 0)d6 (1)

where Ag, A; are real constant n X n matrices, delay h > 0, and G(0) is a continuous real
matrix function defined for 6 € [—h, 0].

In order to obtain delay-dependent stability conditions for (1) one usually applies a special
transformation to the system, see for instance Reference [9]. The aim of the transformation is
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4 D. MELCHOR-AGUILAR, V. KHARITONOV, R. LOZANO

to present the system in a form more suitable for the stability analysis. The transformation

replaces in (1) the delay terms x(¢t — h) and x(t 4 0) by the Newton-Leibnitz formula

0

x(t—h):x(t)—/ (t+ €)de, :c(t—l—@):x(t)—/e (t + €)de,

—h
and substitutes the derivative under the integral by the right-hand side of (1). As a result, the

transformed system can be written in the form, see Reference [3],

§(t) = Aoy(t) + Avy(t — h) + [°, G(O)y(t + 0)do + (1)
2t =[°, (Al + /0 G(g)dg) 2(t + 0)df.

The second equation of the above system

0 0
A1) = / <A1+ / G(g)dg) =t + 0)do 3)

—h —h
describes the additional dynamics introduced by the transformation. Stability of the dynamics
is a necessary condition for stability of (2).
We now address the problem of finite spectrum assignment for time-delay systems. Consider

the linear system with delayed input
i(t) = Ax(t) + Bu(t — h), (4)

where h > 0, z(t) € R™ and u(t) € R™ represent the state and control vectors, and A, B are
real constant matrices of appropriate dimensions.

The control law

u(t) = C {eAhx(t) + /0 e A9 Bu(t + 0)db (5)

—h
assigns a finite spectrum to the closed-loop system (4)-(5) which coincides with the spectrum
of the matrix (A + BC), see Reference [4]. Recently, in References [5, 6, 7] it has been shown
that if the integral at the right-hand side of (5) is approximated by a finite sum, then the
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STABILITY CONDITIONS FOR INTEGRAL DELAY SYSTEMS 5

closed-loop system may become unstable if the controller (5) is not internally stable. So, the
practical implementation of the control law (5) demands its internal stability. The internal

dynamics of (5) are described by the integral system

A(t) = / " CeBa(t + )db. (6)

—h

Now consider a neutral functional differential equation of the form

d
E[Dmt] = L$t, (7)
where
0 0
Dzy = z(t) — / M(0)x(t + 0)df, and Lz; = Agz(t) + Arz(t — h) + / N(@)z(t+ 0)do.
—h —h

Here M (0) and N(6) are continuous real matrix functions defined for 6 € [—h, 0]. Stability of
the difference operator Dz, is a necessary condition for stability of (7), see Reference [8].

Operator Dz is stable if and only if the integral system

2(t) = /_ M (O)a(i+ 00 (8)
is stable.

Comparing systems (3), (6) and (8) one can conclude that all of them are of the form

2(t) = / ' F(0)=(t + 0)do, >0, (9)

~h
where F(0) = Ay + fth(f)df for the case of (3), F(0) = Ce=“?B for the case of (6), while
for (8) F(0) = M(0).
Therefore, the stability and robust stability of (9) turns out to be an interesting issue arising
in several problems associated with time-delay systems.
We will assume that in (9), h is a positive constant and F () is a continuously differentiable
matrix function on [—h, 0], where a right-hand side continuous derivative at —h and a left-hand
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6 D. MELCHOR-AGUILAR, V. KHARITONOV, R. LOZANO

side continuous derivative at 0 are assumed to exist. This differentiability assumption holds
for the cases of additional dynamics and internal dynamics of control laws with distributed
delay, while for the case of difference operator Dx;, it imposes certain restrictions on matrix
M(0).

Throughout this paper we will use the Euclidean norm for vectors and the induced norm for
matrices, both denoted by ||-||. We denote by AT the transpose of A, I stands for the identity
matrix, Amin (A) and A\pax(A) denote the smallest and largest eigenvalues of a symmetric matrix

A, respectively.

3. PRELIMINARIES
3.1. Solutions

In order to define a particular solution of (9) an initial vector function ¢(0), 8 € [—h,0) should
be given. We assume that ¢ belongs to the space of piecewise continuous bounded functions
CO([~h,0),R™), equipped with the uniform norm |||, = supge(_p. o) l(0)]-

For a given initial function ¢ € C°([—h,0),R"), let z(t,¢),t > 0, be a solution of (9)
satisfying z(t, ) = ¢(t),t € [—h,0). This solution is continuously differentiable for ¢ € [0, 00),
at t = 0 the right-hand side derivative is assumed, and it suffers a jump discontinuity

0

A2(0.¢) = 2(0.9) = 2(=0.9) = [ F(O)o(6)d0 — ().
Let us consider the time-delay system
0 .
y(t) = F(0)y(t) — F(=h)y(t — h) — /7h F(@)y(t+0)do, t¢>0. (10)
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STABILITY CONDITIONS FOR INTEGRAL DELAY SYSTEMS 7

For a given initial function ¢ € C%([—h,0),R"), define the function

©(0), 6 € [~h,0)
2(0) = ,
J2, F (&) p(€)ds, 6 =0

Denote by y(t, ®),t > 0, the solution of (10) with initial function . Existence and uniqueness
of z(t,¢), as well as some other properties of the solution, can be easily derived from the

following statement.
Lemma 1. y(t,9) = z(t, ).

Proof. Function y(t, ) satisfies
0 .
i(6.2) = FO)u(t.7) = F(-Rylt = h.2) = [ @)yt +0.5)d0. >0,
Then, integrating the equality from 0 to ¢ we obtain

t t—h 0 . t+60
F(0) /0 y(E, p)dE — F(—h) / (e P - /_ () ( /9 y(w)ds) a6

y(t, ) = #(0)

t—h

F(0) /0 y(E, p)dE — F(—h) /_ u(E )~ (O /0 y(E,p)de
t—h 0
+F(~h) / y(€. ) + / F(60) [y(t +0,3) — (0, 3)] db

—h —h

0 0
/ F(0)y(t +0,3)d0 — / F(6)3(0)do,

—h —h
which means that y(t, ) satisfies (9).

Assume now that z(t, @), t > 0, satisfies (9). Observe first that for ¢ > 0
0 t
)= [ POt +0.000= [ P06 0

—h t—h

It follows that

typ) = F(0)z(t, @) — F(—=h)z(t — h, o) — /tih F(&—t)2(&, p)dE
0
= P0)(t ) — F(—R)2(t — h, ) — [hF(G)z(t + 0, 0)do,
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8 D. MELCHOR-AGUILAR, V. KHARITONOV, R. LOZANO

which implies that z(t, ) satisfies (10).

By definition function @(#) coincides with ¢(6) for 8 € [—h,0), and

0

2(0.¢) = 4(0,3) = p(0) = / F (&) pl€)d.

—h

Definition 1. System (9) is said to be exponentially stable if there exist « > 0 and p > 0

such that every solution of (9) satisfies the inequality

Iz(t, o)l < pellell, e, ¢ > 0. (11)
Remark 1. System (10) is not exponentially stable. Indeed, any constant vector is a solution

of (10).

3.2. Cauchy formula

In this subsection, we present the Cauchy formula for solutions of (9). This formula will play an

important role in the construction of quadratic Lyapunov-Krasovskii functionals for (9). Let

K, (t) be the fundamental matrix of (10). Matrix K;(t) is the solution of the matrix equation
Ki(t) = Ki(t)F(0) — K (t — / Ki(t+0)F(0)do, t >0,

with initial condition K;(t) =0, t € [—h,0) and K7(0) = I, see Reference [10].

Then, the solution y(¢, ) of (10) can be written as

y(t3) = Ki(0)p(0) - / Kt b= O)F (<) §(0)as (12)

—/0 (/9 K1<t+s—9>F<5)df> 3(0)d6, 1> 0.
—h \J=n

The spectrum of (9) consists of all roots of the characteristic equation

det (I — [ Oh F(&)f“’d@) =0
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STABILITY CONDITIONS FOR INTEGRAL DELAY SYSTEMS 9

Lemma 2. Suppose that the spectrum of (9) does not contain the point s = 0, then matriz
K1(t) can be written as

Ki(t) = K(t) + Ko, (13)

where
1

Ky = <I—/_OhF(9)d9> ,

and K (t) is the solution of the matriz equation
0
K(1) :/ K (t+0)F(0)do, t >0, (14)
—h
with initial condition K(t) = —Ky, t € [—h,0).

Proof. Note first that if s = 0 does not belong to the spectrum of (9) then matrix
I- ff , F(0) df is non-singular, so matrix Ko is well defined. Observe now that matrix K (t)
satisfies the equality

0
Kl(t):lhKl(t+9)F(0)d0+[, t>0.

Introducing (13) into the above we obtain (14). The initial condition for matrix K (t) follows
directly from (13). W
From (14) it follows that in spite of the fact that matrix K;(¢) does not admit a strictly

decreasing exponential upper bound, matrix K(¢) may do it.

Lemma 3. If s = 0 does not belong to the spectrum of (9), then z(t,) can be written as

follows
0
F(0) 0(0)d0 — / K(t— h— 0)F (—h) 0(0)d0 (15)
—h

_/0< 9K(t+§—6)F(§)d£>gp(9)d9, t>0.

—h
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10 D. MELCHOR-AGUILAR, V. KHARITONOV, R. LOZANO

Proof. From (12) and (13) we get, for ¢ > 0,

z@@):KUX/ FwymmmwiﬁhK@—h—aﬂw—m@wme

0 6 - ' 0
—/ (/ K<t+sa>F<s>d§> sow)dewo/
—h \J=n —h

Since the expression in the square brackets above is equal to zero, it follows that the Cauchy

0

F@fFemf/

—h

F (&) dS] p(0)do.

formula (15) holds. W

Matrix K (t) is known as the fundamental matrix of (9).

4. A LYAPUNOV TYPE THEOREM

In this section we give exponential stability conditions for system (9).

For any ¢ > 0 we denote the restriction of the solution z(t, ) on the interval [t — h,t) by
2t(p) = {z(t+0,¢),0 € [=h,0)}. When the initial function ¢ is irrelevant we simply write z(t)
and z; instead of z(t, ¢) and z,(¢). A simple inspection shows that for ¢ € [0, ), z;(¢) belongs
to C°([—h,0),R"), and for t > h, z(p) belongs to the space of continuous vector functions

C([—h,0),R™).

Theorem 4. System (9) is exponentially stable if there exists a continuous functional v :
CO([—h,0),R™) — R such thatt — v(z;(p)) is differentiable on R and the following conditions

hold:

e fi)h ||g0(9)||2d9 <ov(p) < as ffh Hcp(@)szO, for some 0 < a < ag;

. %v(zt(go)) <-p fi)h lz(t + 9,@)”2 de, t >0, for some B > 0.

Proof. Given any ¢ € C°([—h,0),R") it follows from the theorem conditions that for
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STABILITY CONDITIONS FOR INTEGRAL DELAY SYSTEMS 11

200 = Bogy 1'> 0 the following inequality holds:

Do(eale)) + 20m(2(9)) <O, 120

Thus, on one hand it follows that

0
v(z(p)) < e7*u(p) < aze_mt/ lo(0)]” d6 < haze > |lo|l;, > 0.
—h

On the other hand, one gets

2

0 0
|z<t,¢>|2s(m / |z<t+e,¢>|d9) <t [ fate+ 0.0l 120

where

= F0)|.
m = max [IFO)

We therefore have the following exponential upper bound:

12t o) < pelleplly, e, ¢ >0,

where

w=mh X2

5. A CONVERSE THEOREM

In this section we present a converse statement to theorem 4. More precisely, for an
exponentially stable system (9) we construct a quadratic functional satisfying the conditions
of the theorem.

Given positive definite matrices Wy and W7, let us define on C°([—h,0), R") the following

functional:

0
w() = T (—h)Wop(~h) + / T OWipl0)as
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Prepared using rncauth.cls
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Remark 2. For 8 = Apin(W1) functional w(p) admits the following lower bound:

0
8 / )17 48 < (). (16)

Let system (9) be exponentially stable. We aim at constructing a functional v
C%([~h,0),R™) — R, such that along the solutions of (9), the following equality holds:

%v(zt) = —w(z), t >0. (17)

To this end, for a positive definite matrix W, we first define a functional vy (e, W) that satisfies

%vo(zt, W) = —2T(t)Wz(t), t >0.

The functional is of the form
wip.W) = [ Wt ot (18)
0
Observe that inequality (11) guarantees the existence of the improper integral at the right-hand
side of (18).

Lemma 5. Let system (9) be exponentially stable. Then the functional v(p) satisfying (17)

can be written as

o) = vo (9, Wo + hWY) + /_ (O I+ (€4 W) WAl (0) e (19)

Proof. Let z(t,¢), t > 0, be a solution of (9). For a fixed ¢ consider the trajectory segment
2t (¢) as a new initial function and denote by z (7, z: (¢)) ,7 > 0, to the corresponding solution.

Then from (18) we have
w0 (2 () W 10V2) = [ 7 (1,2 () [Wo + WA 2 (1.2 () dr.
0
The uniqueness of solutions of (9) with a given initial function implies that

2(m, 2 () = 2(T +t,0), 7 20,
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STABILITY CONDITIONS FOR INTEGRAL DELAY SYSTEMS 13

and

vo (2t (@), Wo + hW7) = / ZT(T+t,<p)[Wo+hW1]z(T+t,<p)dT
0

— [O 27 (&, 0) [Wo + hWh] 2 (€, @) dE.

Hence for such a solution the functional v(p) takes the form
0

U(zt(w))Z/thT(f,w) [Wo+hW1]Z(§7<p)d€+/ 2 (t+E€9) [Wo+ (E+h) Wiz (E+& ¢) dE.

—h
‘We then have

d

7Y (2t (0)) = =27 (t,0) (Wo + hW1) z(t, ) + 27 (t, ) (Wo + hWh) 2(t, ©)

0
Tt~ by o) Woz(t — hyp) — / (b€ 0) Wiz (E+ & ) de

0
= _ZT(t_h’<p>WOZ(t_h7@)_[hzT (t+§790)le(t+£’<p)d§
= —w(z(¥)).

We now construct the functional vy(p, W). Substituting (15) into (18) we obtain
0

(e, W) = @ (0)U(0)2(0) — 267 (0) lh U(=h = 0)F(=h)p(0)dd

0 0
—257(0) / , ( / U - 9>F<s>d5) (0)d0

—h

+ /_Oh T (01)FT (—h) (/O U6, — 92)F(—h)cp(92)d92) i,

—h
/ ) ( / e K(&)d&) F(—h)@(92)d92] a6,
—h —h—05

0 0 02
2 /_ T O)FT(h) [ / ( / Ulh+6, 4+ ¢ — 02>F<£>w<92>d5> dt%] a6,

- Oh T (6)FT(—h)KTW

—h —h

0 0 02 h+01+§—02 .
2 [ o)W [ | ( | ( I K(n)dn> F<£>w(92>de> d&] a,
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0 01 . 0 02 .
+ / o) ( / FT) [ / h ( / U -6t 6 - %)F(@)d@) <P(92)d92] d&) 6,
01 | 0 02 01—&1+E5—02 .
| s ( | [ | ( L, K(n)dn> F(&)d@] 90(92)6192) d&} .

Here ¢(0) = f?h F(0)¢(0)df, and matrix function

U(r) = /0 T KTOWE( 4+ 7)dt, € [—h,h]. (20)

The exponential stability of (9) guarantees the existence of the improper integral in (20).

Lemma 6. Let system (9) be exponentially stable. Then there exist constants 0 < a1 < ag,

such that functional (19) satisfies the inequalities

0 0
o / lo(0)]12 d8 < v(¢) < as / o (8)]12 do. (21)
—h —h

Proof. Let us define ug = max,¢c_p 5 [|U(7)|| and r = f?h HF(H)H df. Then the following set

of inequalities hold:

2" (0)U(0)3(0)

IN

0
hmug / et o,

IN

0 0
257 (0) / U(—h— 0)F(~h)p(6)d0 < 2hmup |F(—h)| / NEQRD

IN

0 0 0
257 (0) / (/ U(9—£)F(€)d£><ﬂ(9)d9 Dhuugmr / NECIRD

IN

0 0
l GO W+ 0+ 1) W PO < AW+ 1IV3) / NECIRD
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STABILITY CONDITIONS FOR INTEGRAL DELAY SYSTEMS 15

/oh ol (6,)FT(—h) (/0 U6, — GQ)F(h)SD(OQ)d02> 0,

h
0
o | F(—h)|? / NECIRD

<
0 0 6o
2 /_ T O)FT(h) l /_ h ( /_ U016 - 02)F(5>w<62>ds> d921 o,
0 2
< hugr |F(-1)] / NECIRD
0 01 0 [ 02 .
/_ &(6) ( /_ ) [ /_ h ( / U €+ 62>F<£2>d§2> sowz)dez] ng> 6,
0
U 7"2 2 .
< huo /_hnso(e)n o

In order to estimate the terms of (19) involving the fundamental matrix K (t) we observe that
for t € [0, 4]

0

K(t) = K / F(€— t)dé + /0 K(€)F(€ - t)d,

t—h

SO
t
1K@ < Kol mh-+m [ (€)] .
A direct application of the Bellman’s lemma leads to
K@) < [[ Kol mhe™ < [|Ko|| mhe™, t € [0, h].

Taking into account this inequality we obtain that, for v, € [—h, 0] and v, € [0, h], the following

inequality holds:

< (14 mhe™") || Ko h. (22)

Y271
/ K(0)d6
~

1
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By (22) it is easy to verify that

0 0 01—02
- [ erenrTenrgw V (/ K(E)dé“)F(—h)sO(@z)d@z] a0,

—h —h —h—02

IN

0
B2 ||[FT (=) K§ W[ | F(=h)| (1 + mhe™) || Kol /_h ()| dr,

B 0 . T, . 0 02 h+01+—02 .
2 [ GonFT h)KoW[ | ( | ( L. K(n)dn) F(oso(aQ)ds) d@] a5,

0
220 || FT(—h) KL W]| (1 4+ mhe™) || Ko / (7|12 dr,
—h

0 01 | 0 02 01—&1+E5,—02 .
| | [ Emeoniw ( | [ | ( L, K(n)dn> F(£2)d£21 so(ez)cwg) d&} a,

0
< h2r? HKOTWH (1+ mhemh) ||K0H/ lo(7)||? dr.
—h

IN

As a consequence, we obtain the following upper bound for v(yp) :

0
o() < / le(®)] ds,

where

az 2 hg ((m+ [|F(=R) ) + 72 + 2rm + 2 | F(=h) | ) + Amax(Wo + hW1)

+ (14 mhe™) B | Ko|| (||[FT (=h)Kg W[ |[F(=h)|| + 2| FT (=h)K§ W||r + || K§ W] r?).

In order to check the left-hand side inequality in (21) we define the functional
0

ve(p) = v(p) — € / S (0)0(0)do.

—h
‘We have

L oe(eal9)) = —w((9) — €[ 9)2(t,0) — 27 (t — ho)2(t — h 9)].
It follows that

d

%”e(zt@)) < —we(z(p)), >0, (23)
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STABILITY CONDITIONS FOR INTEGRAL DELAY SYSTEMS 17

where

0
we(p) = €l (O)” + Punin(Wo) — e (=) I + Aunin (W) /41 lo(8))1” b

Choosing 0 < € < Apin(Wp) we have we(¢) > 0. Integrating inequality (23) from 0 to co we

get
vel) > / welzo(p))dt > 0,

which implies that

v(p) > ay /h lo(0)]|? do

for a; = e. Finally, observe that
(6%) Z Amax(WO + th) Z Amin(WO) Z ayp > 07

which ends the proof. W

We thus obtain the following converse Lyapunov-Krasovskii theorem for (9).

Theorem 7. Let system (9) be exponentially stable. Then for any given positive definite
matrices Wy and Wy there exist positive constants a1,as and B such that functional (19)

satisfies the conditions of theorem 4.

Proof. Given any positive definite matrices Wy and Wi, the exponential stability of (9)
implies that functional v(y) is defined by (19) and (20). Then, the proof follows from lemma
6 and remark 2. W

In order to compute vy (@, W) one has to know matrix U(7) for 7 € [—h, h]. Expression (20)
defines U(7) as an improper integral. This is not convenient from a practical point of view.
Hence we derive some important properties of U(7) that will provide an alternative way to
compute it.
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18 D. MELCHOR-AGUILAR, V. KHARITONOV, R. LOZANO
Lemma 8. Matriz U(T) satisfies
0
Ur) = / Ur +0)F(6)d0, 7€ [0,h]. (24)

Proof. Substituting (14) into (20) we obtain (24). Wl
Lemma 9. Let WT =W, then matriz U(T) satisfies the symmetry property

U(r)=KJW /0 ' K(&)d¢ +U" (—=7),7 € [0,R]. (25)
Proof. The statement can be easily verified by direct calculations. Il
Corollary 10. Matriz U(0) is symmetric, UT(0) = U(0).

Lemma 11. Matriz U(T) satisfies

0 0
/ U(o)F(e)dw{ / U(O)F(H)d(?] = -KT(0)WK(0). (26)

—h —h
Proof. Let us compute

d 0

- [KT () WEK(t)] = ( /_ Oh K(t+ 6)F(0)d6> WK(t)+ KT ()W ( K(t+ 6)F(0)d6> .

—h
Integrating this equality with respect to ¢ from 0 to co we obtain (26). W

Lemma 8 defines U(7) as a solution of (24). In order to compute such a solution one needs to
know the corresponding initial condition. The initial condition is not given explicitly. On the
other hand, the symmetry property (25) along with (26) serve as a replacement of the unknown
initial condition. Indeed, a piecewise linear approximation of matrix U(7) for 7 € [—h, h] can
be computed from equations (24)-(26).

Despite the fact that there are still no efficient algorithms to check the positivity of
functionals of the form (19), and that functionals cannot be directly used for the stability
analysis of (9), they can be directly applied to derive exponential estimates for solutions and
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STABILITY CONDITIONS FOR INTEGRAL DELAY SYSTEMS 19

robust stability conditions for perturbed systems. Such applications will be presented in the

next two sections.

6. EXPONENTIAL ESTIMATES FOR THE SOLUTIONS

In this section, we show how functionals (19) can be used to obtain exponential estimates for
the solutions of a given exponentially stable integral delay system (9).

Given positive definite matrices Wy and W7y, based on lemma 6 and remark 2 we compute
positive constants oy, as and B. Then the functional v(y) defined by (19) and (20) satisfies

conditions 1 and 2 of theorem 4. From this theorem

ap -
=8, @)l < hng f 2= llelly ™", €20,

where a = 2, for all solutions z(t, ), ¢ € CO([—h,0),R™), of (9).

20&2 ?

Now we illustrate the result by an example. Let us consider the following integral delay

system:
0
A =G / +(t + 0)d6. (27)
—h
System (27) is a particular case of (9), where F(0) = G.
Let h =1 and
-1 1
G =
2 —4

As all eigenvalues of G lie in the open domain I" whose boundary in the complex plane is

described by

wsin(w) W
o= ——mm— — € (—2m,2
(ot Sty + 7 | @ Coman).
system (27) is exponentially stable, see Reference [2].
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20 D. MELCHOR-AGUILAR, V. KHARITONOV, R. LOZANO

In this case the functional (19) takes the form

o(p) = <G /_ Oh@(e)da)TU(o) <G /_ 0’ @(9)d6> ) <G /_ 0h<,0(9)d9>T /_ Oh U(—h — 0)Gi(6)d0

4 / DTG (/ v, —92)G@(92)d92> dy + / L ST0) [Wo + (04 ) W) o(0)dd

—h —h —h

0 01—0-
/ ( / K(@df) Gw(%)d@z} o,
—h —h—02

and equations (24)-(26) for matrix U(7) are

0
—/ o7 (00)GTKIW
—h

Ulr) = (/0 U(T—l—&)dﬁ) G reloh,
—h
Ulr) = KOTW/OTK(QdéJrUT(T), rel0,n],

—KT(OWK(©0) = [U0)G—U(-h)G)" +[U0)G —U(-h)G],
where K (t) is the solution of

K(t) = </OhK(t+0)d0> G, te0,h],

with initial condition K(t) = —Ko = — (I — hG)™ ", t € [=h,0).

Let us assume that W, = W = I. A piecewise linear approximation of matrix U(7) is given
on Fig. 1. From the computed values of U(7) on [—1, 1] we get ug = 0.1752.

From remark 2 we have that for § = 1, inequality (16) holds. Simple calculations derived
from lemma 6 show that for ap = 2.7611 x 103 and a; = 1, inequalities (21) hold.

So, solutions of (27) satisfy the following exponential estimate:
Izt o)l < pellelly e, ¢t >0, (28)

where
pA 24543 and oo~ 1.8 x 1074,
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7. ROBUST STABILITY CONDITIONS

In this section we address the robust stability analysis of perturbed integral delay systems (9).

Consider the perturbed system

y@%j[hww}+A@ﬂmﬂ+®M, (29)

where A(+) is an unknown continuous matrix function satisfying
IA@) < p, 0 €[=h,0]. (30)

Let the nominal system (9) be exponentially stable. The main goal of this section is to show
how functional (19) computed for the nominal system (9) can be used to find an upper bound
on p such that the perturbed system (29) remains exponentially stable for all perturbations
A(+) satistying (30).

The time derivative of functional (19) along solutions of the perturbed system (29) is

0 0
dv ( )~ ) - 2"y ){ (- h)KoTWKoh+/hU(0)F(0)d9—KOT[/V] </h F(T)y(t+r)d7->
0 0 . it ) |
+2n™( /h (/h (/h WU (r—0+¢) - /o K* (n)dnW K, df) F(G)d@) y(t +7)dr
’ 0 T+h+§
+ 277 ( /h (/hFT ) |[UT(T+h+€) - /O KT(n)anKO] d£> F(=h)y(t +7)dr
0
T(- . . S
o /h(/h MUY (T =6 —h) = FHO)U(0 - 7)] F(o)d0> y(t+7)d
0
— /h( —7) = FT(=h)U" ()] F(=h)

}f@w»MHﬂm+H@mww, (31)
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The following set of inequalities hold:

2 () [ Oh ( | ( / Uh ()

0
< 2h0p (2o + h | KEWEG]) [ e+ o) P,

2" un) | Oh ( / Oh ()

0
< 9h (2uo + b | KEWE|[) [ F (=) rp / lyte+ | dr.

T—0+€ )
UN(r—0+¢) — /0 KT(n)anKO] d.g) F(@)d@) y(t+7)dr

T+h+E
UT(r4+h4¢) — /0 KT(n)anKO] dg) F(=h)y(t+ 7)dr

0 T
20" (yr) [h (/h [FT(=h)UT(r =6 —h) — FT(0)U(0 — 7)] F(a)de) y(t + 7)dr

< 2rug (| FT(~1)|| + [|ET(0)]]) o / e+ 7l dr,

0 0

() [FT(h)KoTWKm |

U(0)F(0)do — KOTW] ( /

—h

F(r)y(t+ T)dT)

0
<2m [||FT(=h)K§ WKoh + U(0)F(0) — U(—h)F(—h) — K§ W || + uor] hp/_h ly(t + 7)||° dr,

2 (1) / ([FTOU(h =) = F (U (7)) F(=h)

—FT(—h) KWK, </

—h

T

F(H)d@)) y(t+7)dr

IN

0
2 ([IET O + [ ET(=h)[|] wo [IF(=h)|| + [|FT (—h) K§ W EKol| mh) hp[h ly(t +7)I1* dr,
0
1" (o) Wnye) < [IW I InCya) |l In(ye)ll < HWHPQh/% ly(¢ + 1) dr.

From (31) and the above inequalities we obtain the following upper bound:

dv ’
U <ty + (ap? +00) [ ute+ )P

where a = ||[W|| h and

b=2h(r+|F(=h)|) [r (2uo + || K WEK||) +uo (| F" (=h)|| + || FT(0)]])]

+2mh [||FT (—h)K§ W Koh + U(0)F(0) — U(=h)F(=h) — K W|| + uor + || FT (=h)K§ WK || 1] .
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STABILITY CONDITIONS FOR INTEGRAL DELAY SYSTEMS 23

Theorem 12. Let system (9) be exponentially stable. Given positive definite matrices Wy and
W1, the perturbed system (29) remains exponentially stable for all perturbations A(-) satisfying

(80) if p is such that the following inequality holds:
Amin(W1) = (ap® + bp) > 0. (32)
Remark 3. Matrices Wy and W1 can be used to improve the bound for p.

We now illustrate the results by two examples. We first investigate the robust stability of the
exponentially stable integral delay system (27) introduced in section VI. Thus, let us consider

the perturbed system
y(t) = /_ Oh (G + Aly(t + 0)do, (33)
where A is an unknown matrix satisfying
Al < p. (34)
As in section VI, let us take Wy = Wy = I. From the computed values of U(7), see Fig. 1, we
get

—0.1451 —0.0653 0.0752 —0.0513
U(-1) = ,U0) = and ug = 0.1752.

—0.0590  0.0026 —0.0524 0.1412
Then, direct calculations from (32) show that the perturbed system (33) remains exponentially

stable for all perturbations A satisfying (34) if
p < 0.0267.
Consider now the scalar integral delay system

(1) = / " P02t + 0)db, (35)
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where F(0) = —c10 + c2,0 € [—h, 0]. System (35) describes the internal dynamics of controller
(5), where C' = ( ¢l ¢ ) ,

0 1 0
A= and b =

0 0 1

The corresponding linear system (4) represents a double integrator with delayed input which
is very commonly found in mechanical systems. Note that (35) also describes some scalar
difference operators (8), where M (0) = —c10 + c2, 0 € [—h,0].

Let us assume that (35) is exponentially stable and consider the perturbed system

0
o) = [ 1O+ MOyt +0)as (30)
where A(f) = —Ac10 + Acy is an unknown continuous function satisfying
@) < p, 0 € [~h,0] (37)

Let h =1, ¢; = —0.5 and ¢y = —0.25. For this choice of parameters

max |F(0)|h<1
0€[—h,0]

holds, and thus the nominal system (36) is exponentially stable, see Reference [11]. It is worth
mentioning that for these particular values the ideal controller (5) assigns the closed-loop poles
of system (4)-(5) at Ay 2 = —0.1250 £ 0.696:.

Let us assume that Wy = W; = 1. A piecewise linear approximation of scalar function U (1)

is given on Fig. 2. From the computed values of U(7) on [—1, 1] we obtain

U(—1) = —0.2063, U(0) = 0.0752 and ug = 0.2177.
Direct calculations from (32) show that the perturbed system (36) remains exponentially stable
for all continuous perturbations A(#) satisfying (37) if

p < 0.2633.
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0.15 T T
A — uy,(0)
A - - Uy,
TN Coou (1)
0.1 . 1277 |
! \ - Uy(1)

Figure 1. Components of a piecewise linear approximation of matrix U(7)
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Figure 2. Piecewise linear approximation of scalar function U(7)
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8. CONCLUSIONS

In this paper, we studied the exponential stability of integral delay systems which appear
in several stability problems of time-delay systems. Lyapunov type necessary and sufficient
conditions for the exponential stability are given. A constructive procedure for computing
quadratic Lyapunov-Krasovskii functionals for a given exponentially stable system is provided.
It is shown that the functionals depend on matrix function U(7) which satisfies a matrix
integral delay equation. Some important properties of this matrix function that allow its
computation are explicitly given. The proposed functionals are used to obtain exponential

estimates of the system solutions as well as robust stability conditions for perturbed systems.
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