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Abstract

In this work, a generalized adaptive control scheme for the global position stabi-
lization of robot manipulators with bounded inputs is proposed. It gives rise to various
families of bounded controllers with adaptive gravity compensation. Compared with
the adaptive approaches previously developed in a bounded-input context, the proposed
scheme guarantees the adaptive regulation objective: globally, avoiding discontinuities
in the control expression as well as in the adaptation auxiliary dynamics, preventing the
inputs to reach their natural saturation bounds, and imposing no saturation-avoidance
restriction on the control gains. Experimental results corroborate the efficiency of the
proposed adaptive scheme.
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1 Introduction

In an actual control system, saturation is an ever present nonlinear phenomenon character-
izing the signal transfer from the controller outputs to the plant inputs. This is a natu-
ral consequence of the power supply limitations of real-life actuators. Disregarding such a
physical constraint may lead to unexpected or undesirable consequences, as pointed out for
instance in [1], [2], [3], and [4]. Control synthesis under the consideration of such inevitable
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nonlinearity has consequently become important and considerably attracted the attention of
the feedback control community [5].

In an unbounded input setting, one of the simplest control techniques for the global reg-
ulation of robot manipulators is the so-called PD with gravity compensation [6]. In view
of the above-mentioned potential undesirable effects of saturations in actual applications,
extensions of such a well-known control law to the bounded input case, under various ana-
lytical frameworks, have been developed [7, 8,9, 10, 11, 12]. For instance, assuming that the
exact value of the system parameters and accurate measurements of all the system states
(positions and velocities) are available, a basic approach was proposed in [7] and [8]. In these
works, the P and D parts (at every joint) are, each of them, explicitly bounded through spe-
cific saturation functions; a continuously differentiable one —more precisely, the hyperbolic
tangent function— is used in [7] and the conventional non-smooth one in [8]. Because of
their structure, this type of algorithms have been denoted SP-SD controllers in [13]. Further,
two alternative schemes, that prove to be simpler and/or give rise to improved closed-loop
performances, were recently proposed in [9]. The first approach includes both the P and
D parts (at every joint) within a single saturation function, while in the second one all the
terms of the controller (P, D, and gravity compensation) are covered by one of such functions,
with the P terms internally embedded within an additional saturation; the exclusive use of a
single saturation (at every joint) including all the terms of the controller was further achieved
through desired gravity compensation in [14]. Moreover, free-of-velocity-measurement ver-
sions of the SP-SD controllers in [7] and [8] —still depending on the exact values of the
system parameters— are obtained through the design methodologies developed in [10] and
[11]. In [10], global regulation is proved to be achieved when each velocity measurement is
replaced by the dirty derivative [15] of the respective position in the SP-SD controller of [8].
A similar replacement in a more general form of the SP-SD controller is proved to achieve
global regulation through the design procedure proposed in [11] (where an alternative type of
dirty derivative, that involves a saturation function in the auxiliary dynamics giving rise to
the estimated velocity, results from the application of the proposed methodology). Further-
more, an output feedback dynamic controller with a structure similar to that resulting from
the methodology in [11], but which considers a single saturation function (at every joint)
where both the position errors and velocity estimation states are involved, was proposed in
[12] (where a dissipative linear term on the auxiliary state is added to the saturating velocity
error dynamics involved for the dirty derivative calculation); extensions of this approach to
the elastic-joint case were further developed in [16].

In view of the considered gravity compensation terms, the implementation of the above
mentioned saturating schemes becomes specially problematic when the system parameters
are uncertain. In view of such an additional constraint, adaptive SP-SD-type algorithms,
giving rise to bounded controllers, have been developed in [17, 18, 19].

In [17], global regulation is aimed through a discontinuous scheme that switches among
two different control laws under the consideration of state and output feedback. Both consid-
ered control laws keep an SP-SD structure similar to that of [8]; the first one avoids gravity
compensation taking high-valued control gains (by means of which the closed-loop trajecto-
ries are lead close to the desired configuration), and the second one considers adaptive gravity
compensation terms that are kept bounded by means of a discontinuous auxiliary dynamics.
Each velocity measurement is replaced by the dirty derivative of the corresponding position



in the output feedback version of the proposed algorithm. Unfortunately, a precise criterion
to determine the switching moment (from the first control law to the second one) is not
furnished for either of the proposed schemes.

In [18], semiglobal regulation is proved to be achieved through a state feedback scheme
that keeps the same structure of the SP-SD controller of [7] but additionally considers adap-
tive gravity compensation. The adaptation algorithm is defined in terms of a discontinuous
auxiliary dynamics by means of which the parameter estimators are prevented to take values
beyond some pre-specified limits, which consequently keeps the adaptive gravity compensa-
tion terms bounded. This approach was further extended in [20] to the case when the control
objective is defined in task coordinates and the kinematic parameters, additionally to those
involved in the system dynamics, are considered to be uncertain too.

In [19], a controller that keeps the SP-SD structure of [7] is proposed, where each ve-
locity measurement is replaced by the dirty derivative of the corresponding position, and
an adaptive gravity compensation term, with initial-condition-dependent bounds, is consid-
ered. Based on the proof developed for the main result, semiglobal regulation is claimed to
be achieved.

Bounded adaptive schemes have also been proposed in the context of tracking control,
for instance in [21] and [22]. In [21], a controller with SP and SD correction terms analog to
those involved in [18] and adaptive desired compensation terms of the system dynamics was
proposed. The adaptation auxiliary dynamics is of the discontinuous type of that involved
n [18]. Semiglobal stabilization was proved to be achieved for suitable trajectories. More
recently, in [22], an algorithm similar to that of [21] was presented involving identical SP
and SD correction terms but only adaptive on-line gravity compensation (no other term of
the system dynamics is compensated). A discontinuous adaptation algorithm analog to that
involved in [21] is considered. Unfortunately, it is not clear through such an approach how
the desired trajectory can be guaranteed to be a solution of the closed-loop system.

Let us note that by the way the SP and SD terms are defined in the above mentioned
adaptive schemes, the bound of the control signal at every link turns out to be defined in
terms of the sum of the P and D control gains (and of an additional term involving the
bounds of the parameter estimators). This limits the choice of such gains if the natural ac-
tuator bounds (or arbitrary input bounds) are aimed to be avoided. This, in turn, restricts
the closed-loop region of attraction in the semiglobal stabilization cases. Let us further note
that the discontinuous character of the auxiliary (adaptation) dynamics considered for in-
stance in [17], [18], [21], and [22] is not necessarily a drawback. As a matter of fact, previous
works involving adaptive control schemes where the parameter estimates are aimed to re-
main bounded within pre-specified values generally appeal to the same kind of discontinuous
adaptation dynamics. This is seen even in recent works addressed either to manipulators in
an unbounded input context [23, 24] or to systems of different nature [25, 26]. Nevertheless,
a bounded adaptive scheme that solves the regulation problem globally and avoiding dis-
continuities has not yet been proposed for robot manipulators with saturating inputs, and
would constitute a convenient alternative developed within a simpler analytical framework
and through simpler and/or more natural ways to cope with the need to bound the auxiliary
state variables. On the other hand, adaptive versions of PD-type saturating schemes other
than the SP-SD algorithm, like those developed in [9], have not yet been proposed. These
arguments have motivated the present work which aims at filling in the mentioned gaps.



It is worth adding that recent works have devoted efforts to solve the global regulation
problem in the bounded-input context through nonlinear PID-type controllers. This is the
case for instance of [27]; [28]; [29], where state-feedback and output-feedback schemes were
presented; and [30], where a controller having the same structure of the state-feedback
algorithm presented in [29] was previously proposed. Such PID-type algorithms do not only
avoid the exact knowledge of the system parameters, but also disregard the structure of
the robot dynamics (or of any of its components). However, in a bounded-input context,
the design of an adaptive scheme that solves the regulation problem globally, avoiding input
saturation, and free of discontinuities, remains an open analytical challenge. Such a challenge
becomes more defiant, interesting, and innovative if it aims at giving rise to adaptive versions
of a general class of bounded PD-type algorithms that includes the SP-SD type as a special
case as well as others with analog energy properties but alternative saturating structures.
Moreover, as will be corroborated in subsequent sections of this work, regulation towards a
suitable configuration permits the adaptive scheme to provide an estimation (happening to
be exact under ideal conditions) of the robot dynamic parameters, which is not the case of
other types of controllers.

In this work, we propose a generalized scheme for the global adaptive regulation of
robot manipulators with saturating inputs. It gives rise to various families of bounded
controllers with adaptive gravity compensation, including the adaptive versions of the SP-
SD algorithms in [7] and [8] as well as the schemes in [9] as particular cases. With respect
to the adaptive approaches previously developed in a bounded-input context, the proposed
scheme guarantees the adaptive regulation objective: globally, avoiding discontinuities in
the control expression as well as in the adaptation auxiliary dynamics, preventing the inputs
to attain their natural saturation bounds, and imposing no saturation-avoidance restriction
on the choice of the P and D (positive) control gains. In addition, the approach proposed
in this work is not restricted to the use of a specific saturation function to achieve the
required boundedness, but can rather involve any one within a set of smooth and non-smooth
(Lipschitz-continuous) bounded passive functions that include the hyperbolic tangent and the
conventional saturation as particular cases. Experimental results corroborate the efficiency
of the proposed adaptive scheme.

The work is organized as follows: Section 2 states the general n-degree-of-freedom (n-
DOF) serial rigid robot manipulator open-loop dynamics and some of its main properties, as
well as considerations, assumptions, notations, and definitions that are involved throughout
the study. In Section 3, a generalized approach for the design of global regulators with
exact gravity compensation is shown. Such a generalized approach proves to furnish a useful
structure for the design of the proposed adaptive scheme, which is presented in Section 4.
The closed-loop analysis is developed in Section 5, where global adaptive regulation is proved
to be achieved avoiding input saturation. Experimental results are presented in Section 6.
Finally, conclusions are given in Section 7.

2 Preliminaries

Let X € R™" and y € R". Throughout this work, X;; denotes the element of X at its
ith row and j™ column, X; represents the i™® row of X, and 7; stands for the i** element



of y. 0, represents the origin of R™ and I,, the n X n identity matrix. || - || denotes the
standard Euclidean norm for vectors, i.e. ||y|| = /> i ¥7, and induced norm for matrices,
i.e. || X|| = v/ Amax(XTX), where Apax (X7 X) represents the maximum eigenvalue of X7 X.
The kernel of X is denoted ker(X). Consider a continuously differentiable scalar function
( : R — R and a locally Lipschitz-continuous scalar function ¢ : R — R, both vanishing at
zero, i.e. ((0) = ¢(0) = 0. Let ¢’ denote the derivative of { with respect to its argument, and
D¢ stand for the upper-right (Dini) derivative of ¢, i.e. DT (<) = limsup,,_, o+ w
31, App. C.2] [32, App. I]. Thus, ¢(s) = [; DT ¢(r)dr; moreover, (¢ o ¢)(s) = ((d(s)) =
i ¢(6(r) D* o{r)dr.

Let us consider the general n-DOF serial rigid robot manipulator dynamics with viscous
friction [33, §2.1], [34, §6.2], [35, §7.2]:

H(q)i+Clq.9)q+ Fq+glq) =7 (1)

where ¢, ¢, ¢ € R" are, respectively, the position (generalized coordinates), velocity, and
acceleration vectors, H(q) € R™*" is the inertia matrix, and C(q, 4)q, F'q, g(q), 7 € R™ are,
respectively, the vectors of Coriolis and centrifugal, viscous friction, gravity, and external
input generalized forces, with F' € R™*" being a positive definite constant diagonal matrix
whose entries f; > 0, ¢ = 1,...,n, are the viscous friction coefficients. Some well-known
properties characterizing the terms of such a dynamical model are recalled here (see for

instance [6, Chap. 4 & 14]). Subsequently, we denote H the change rate of H, i.e. H :
R" X R = B (q,0) = (F2(0)d).

Property 1 The inertia matriz H(q) is a positive definite symmetric bounded matriz, i.e.
Ly < H(q) < pupl,, Yqg € R™, for some positive constants pi, < piar.
Property 2 The Coriolis matriz C(q, q) satisfies:

2a. [|C(q, )|l < kcJlqll, Y(q, ¢) € R* x R", for some constant k. > 0;

2b. ¢ [%H(q,ei) —C(q,4)| ¢ = 0, ¥(g,4) € R" x R*, and actually H(q,q) = C(q,q) +
C"(q,4), V(q,q) € R* x R™.

Property 3 The viscous friction coefficient matriz satisfies fu||z|* < 2T Fx < farllz]?,
Vo € R", where 0 < f,, £ ming{ f;} < max;{fi} £ fur.

Property 4 The gravity vector g(q) is bounded, or equivalently, every element of the gravity
vector, gi(q), i = 1,...,n, satisfies |gi(q)| < By, Vq € R", for some positive constants By,
1=1,...,n.

Property 4 is not satisfied by all types of robot manipulators but it is for instance by those
having only revolute joints [6, §4.3]. This work is addressed to manipulators satisfying
Property 4.

Property 5 The gravity vector can be rewritten as g(q,0) = G(q)0, where 0 € R? is a con-
stant vector whose elements depend exclusively on the system parameters, and G(q) € R™*P
—the regression matrix— is a continuous matriz function whose elements depend exclusively
on the configuration variables and do not involve any of the system parameters.
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Property 6 Consider the gravity vector g(q,0). Let 0y represent an upper bound of |6;],
such that |0;| < Oy, Vi € {1,...,p}, and let Oy = (0M1, . ,GMP)T and © = [ 0M1,9M1]

X [=Onip, Orip). By Properties 4 and 5, there exist positive constants BgZM, 1=1,.
such that |g;(z,y)| = |Gi(x)y] < B™,i=1,...,n, Yo € R", Yy € ©. Furthermore, there

gi
exist positive constans Bg,,, Bg,, and Bg such that |G,j(x)| < Bg,,, ||Gi(z)|] < Bg,, and

157
|G(z)|| < Bg, Ve e R, i=1,...,n,j=1,...,p

Let us suppose that the absolute value of each input 7; (i*" element of the input vector 7)
is constrained to be smaller than a given saturation bound 7; > 0, i.e. |7;| < T;,i=1,...,n.
In other words, letting w; represent the control variable (controller output) relative to the

b degree of freedom, we have that
uA
T, sa (T) (2)

i =1,...,n, wheresat(-) is the standard saturation function, i.e. sat(s) = sign(s) min{|c|, 1}.

Let us note from (1)-(2) that 7; > B, (see Property 4), Vi € {1,...,n}, is a necessary
condition for the manipulator to be stabilizable at any desired equilibrium configuration
qa € R". Thus, the following assumption turns out to be crucial within the analytical
setting considered in this work:

Assumption 1 7; > By;, Vi € {1,...,n}.

The control schemes proposed in this work involve special (saturation) functions fitting
the following definition.

Definition 1 Given a positive constant M, a nondecreasing Lipschitz-continuous function
o :R — R is said to be a generalized saturation with bound M if:

(a) so(s) >0 for all ¢ # 0;

(b) lo(s)] < M forall s € R.
If in addition

(¢) o(c) =< when || < L,
for some positive constant L < M, o is said to be a linear saturation for (L, M) [36].
Any function satisfying Definition 1 has the following properties.

Lemma 1 Let 0 : R — R be a generalized saturation function with bound M, and let k be
a positive constant. Then

1. im0 DY o (<) = 0;
2. Elaf\/[ € (0,00) such that 0 < DYo(s) < o)y, Vs € R;

3. 2ka ) < Jy o(kr)dr < kUMg , Vs eR;




4f0 o(kr)dr >0, Ys # 0;
5. [y o(kr)dr — oo as [¢| = oo;
6. if o is strictly increasing, then

(a) slo(s+mn) —a(n)] >0, Vs #0, Vn € R;

(b) for any constant a € R, 5(s) = (s +a) —o(a) is a strictly increasing generalized
saturation function with bound M = M + |o(a)|;

7. if o is a linear saturation for (L, M) then, for any continuous function v : R — R such
that |v(n)| < L, ¥n € R, we have that <[o (< +v(n)) — o (v(n))] >0, Vs #0, Vn € R.

Proof. See the Appendix. <

3 Global regulation involving exact gravity compensa-
tion: A generalized approach

Let us consider the following generalized expression defining saturating controllers for the
global regulation of system (1)-(2):

u(q,q,0) = —sa(q,4,0) — sp(Kpq) + G(q)0 (3)

where ¢ = ¢ — qq, for any constant (desired equilibrium position) vector ¢; € R"; G(q)
is the regression matrix related to the gravity vector, according to Property 5, i.e. such
that ¢g(q,0) = G(q)0; Kp € R™" is a positive definite diagonal matrix, i.e. Kp =
diaglkpi, ..., kpy) with kp; >0 foralli=1,...,n

p: R" — R"
T
T <0p1(x1) e apn(xn)>
with op;(+), i =1,...,n, being (suitable) generalized saturation functions with bounds

Mp;; and s4 : R™ x R® x RP — R" is a bounded continuous vector function satisfying
Sq(,0,,2) = 0, (4)

Vo € R", Vz € RP,
[sa(z,y, )| < klyl (5)

V(z,y,2) € R" x R" x RP, for some positive constant x, and, given z € RP such that
|Gi(q)z| <T;,i=1,...,n, Vg eR™

yTSd<x7y7’Z) >0 (6)

Yy # 0,, Vx € R", and

i=1,...,n,Vr € R" Yy € R", for suitable bounds Mp; of op;(+).
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Proposition 1 Consider system (1)-(2) taking u = u(q, ¢, 0) as defined in Eq. (3), under the
satisfaction of Assumption 1 and the conditions on the vector function sgq stated through the
expressions in (4)—(7). Thus, for any positive definite diagonal matriz Kp, global asymptotic
stability of the closed loop trivial solution G(t) = 0,, is guaranteed with |7;(t)| = |w;i(t)| < T;,
i=1,....n, Vt>0.

Proof. Observe that the satisfaction of (7), under the consideration of (2), shows that
T; > |ui(q,q,0)| = |wi| = |ml, i =1,...,n, ¥(q,q) € R" x R". From this expression we see
that along the system trajectories, |7'Z( )| = |u,( )< T i=1,...,n, V¥t > 0. This proves
that under the proposed scheme, the input saturation values, T;, are never reached. Thus,
under the consideration of Property 5, the closed-loop dynamics takes the form

H(q)j+C(q,4)q+ Fq = —s4(q,4,0) — sp(Kpq) (8)

(Observe that in the error variable space ¢ = q + qq, and consequently H(q) = H(q + qaq),
C(q,4) = C(G+ qa,q), and G(q) = G(G + qq); however, for the sake of simplicity, H(q),
C(q,q), and G(q) are used throughout the paper.) Let us define the scalar function

1

Vola.d) = 50" B+ ssh(Krp) )i+ [ sh(Ker)ir )

with foqn sh(Kpr)dr =", foii opi(kpiri)dr; and e being a positive constant satisfying
£ < ey = min{ey, &5} (10)

where

lI>

Hm and €9

N%\/[BP Bt

€1
with

Bp & miax{a};iMkpi} , Bu = koBp + puBp

o',y being the positive bound of D*op;(+) in accordance to point 2 of Lemma 1, £ as defined
through (5), and i, tar, ko, fm, and fy as defined in Properties 1, 2a, and 3. Observe
that

) 1. . _ ) 7
Vo(q,4) = §QTH(Q)C] +esp(Kp@)H(q)g+ (1 — a+ ) / sp(Kpr)dr
On

Y]

fon . i g
Bl — cpnlse(rlldll + o [

q
sH(Kpr)dr + (1 — 04)/ sH(Kpr)dr
On 07L
for any positive less-than-unity constant o, where Property 1 has been taken into account.

Moreover, from point 3 of Lemma 1, we have that foi" opi(kpiri)dr; > w, Vg €
~ PO
R, whence we get that o [} sL(Kpr)dr = a)_ 1f010p1 kpiri)dr;, > a . l%ﬁql) >
n i9piM
2maxi{ko;ig—33iM} S 0pi(kpiGs) = ”%PHSP(KPQ)W, and consequently
q
Vala.d) = Wo(g.d) + (1 =) [ sh(Kprdr (11)

On

8



where

_ . Moy _ . Q _
Wo(q. ) = - lldll* — epallsp(Kp)lldll + oo~ llsp(Kpa)|?
2 28p
nNT o _
(el (g e (Ion(Kra) 1)
2 4]l —ehn i 4]
and « is chosen to be a positive constant satisfying
2
— <a<l (13)
€1

(see (10)). Note further that, by (13), Wy(q, ¢) is positive definite (since with € < gy < &y,
in accordance to (10), any « satisfying (13) renders positive definite the matrix at the right-
hand side of (12)), and observe that W;(0,,¢) — oo as ||¢|| = oco. From this, inequality (13),
and points 4 and 5 of Lemma 1 (through which one sees that the integral term in the right-
hand side of inequality (11) is a radially unbounded positive definite function of ¢), V4(q, ¢)
is concluded to be positive definite and radially unbounded. Its upper-right derivative along
the system trajectories, Vo = DtV; [32, App. 1] [37, §6.1A], is given by

. ) ) I . _ . o ) _
Vo(@.4) = ¢"H(q)g + §qTH(q, Q)q +esp(Kpq)H(q)i +ed" H(q, §)sp(Kpq)

+eq"H(q)sp(Kpq) Kpg + sp(Kpq)d
) . ) . _ 1.4 ..

=q¢"[-Clq,9)d — F§— 54(q,4,0) — sp(Kpq)] + §qTH(q7 Q)q
+esp(Kpq)[ — Cq,4)g — Fi — s4(q, 4,0) — sp(Kpq)| + ed"H(q,q)sp(Kpq)
+¢e4"H(q)sp(Kpq)Kpi + sp(Kpq)d

= —§"F—q"54(q,4,0) — esp(Kpq)F — esp(Kpq)sa(q, ¢,0) — esp(Kpq)sp(Kpq)
+¢e4"C(q, 4)sp(Kpq) +e¢" H(q)sp(Kpq)Kpg

where H(q)G has been replaced by its equivalent expression from the closed-loop dynamics
in (8), Property 2b has been used, and

sp(Kpq) = diag[Dopi(kpi1), ..., DT opn(kpnGy)] (14)

Observe that from Properties 1, 2a, and 3, the satisfaction of (5), points (b) of Definition 1
and 2 of Lemma 1, and the positive definite character of Kp, we have that

Vo(q,4) < —d"s4(q, 4,0) — Wi(q, q)
with

Wi(q,4) = fmlldll® — efullsp(Kpa) Il — exllsp(Kpa) gl + €llsp(Kpq)|I” — ekeBelldl)?
- €MM5P||Q||2

_ (nsPﬁf@n)T <_§(f; . —fi<f_M€;;>> (”S’Dﬁfq_)”) (15)



Note further that, from the satisfaction of (10), Wi(q, ¢) is positive definite (since any £ <
ey < g9 renders positive definite the matrix at the right-hand side of (15)). From this and
(6), by Lyapunov’s second method —see for instance [32, Chap. II, §6], where (generalized)
statements of Lyapunov’s second method are presented under the consideration of locally
Lipshcitz-continuous Lyapunov functions and their upper-right derivative along the system
trajectories—, the trivial solution ¢(t) = 0 is concluded to be globally asymptotically stable,
which completes the proof. <

Remark 1 Let Kp € R™" be a positive definite diagonal matrix, i.e. Kp = diaglkps, ..., kpn]
with kp; > 0 for all e = 1,...,n. A generalized version of the SP-SD controller is retrieved
from (3) by defining

sa(d,4,9) = sp(Kpq) (16)

T
where sp : R" = R" : z — <0D1(x1) s e O'Dn(ZL‘n)> , with op;(+), i = 1,...,n, being
generalized saturation functions with bounds Mp;, and the involved bound values, Mp;
and Mp;, satisfying

Mpi+MDi<TZ'—BgZ' (17)
i =1,...,n. Special cases of the generalized SP-SD controller in Eqgs. (3) and (16) were
defined in [7] and [8], taking op;(z;) = kp; tanh (A,’;Tx) and op;(z;) = kp;tanh (%),
with Ap; > 0, Ap; > 0, and kp; + kp; < T; — By, in [7], and op;(x;) = dpsat (%) and
opi(z;) = Op;sat <6x—;>, with ép; > 0, dp; > 0, and dp; + dp; < 1; — By, in [8]. Further,
generalized versions of the SPD and SPDgc-like schemes proposed in [9] are retrieved from
(3) as well, by respectively defining

54(7,4,0) = sp(Kpq+ Kpq) — sp(Kpq) (18)

with the generalized saturations op;(-), i = 1,...,n, being strictly increasing, and bound
values satisfying
Mp; <T; — By, (19)

i=1,...,n, for the SPD case (note that the generalized saturations, op;(-), in (18) are not
restricted to be continuously differentiable as originally formulated in [9]), and

sa(7,4,0) = s0(G(q)0 — sp(Kpq)) — s0(G(q)0 — sp(Kpq) — Kpq) (20)

T

where sg : R® — R" : (001(x1) s UOn(xn)> , with og;(+), i = 1,...,n, being
linear saturation functions for (Lg;, My;), and the involved linear/generalized saturation
function parameters satisfying

Byi + Mp; < Loy < My < T; (21)

i = 1,...,n, for the SPDgc-like case (notice that the internal saturations, op;(-), in (20)
are permitted to be any function satisfying Definition 1 and are consequently not tied to
be linear saturations as originally formulated in [9]). Observe from (21) that, by virtue
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of point (c¢) of Definition 1 (under the consideration of Properties 4 and 5), we have that
s0(G(q)0 — sp(Kpq)) = G(q)0 — sp(Kpq) (see (20) and (3)). Furthermore, note that, from
points (a) of Definition 1 and 6a and 7 of Lemma 1 (under the satisfaction of inequalities
(21) in the SPDgc-like case), s4(q,q,0) in every one of the above cases in (16), (18), and
(20) satisfies the expressions in (4) and (6). Further, notice that, through the satisfaction
of (17), (19) (under the consideration of the strictly increasing character of the generalized
saturation functions op; involved in the SPD case), and (21), every s4(¢, ¢, ) in expressions
(16), (18), and (20) satisfies inequalities (7) too. Moreover, from the Lipschitz-continuous
character of generalized saturation functions, one sees that s4(q, ¢, 6) in every one of the
above cases in (16), (18), and (20) satisfies inequality (5) with

K= mzax{angDi} (22a)

where
0y in the SP-SD case

Oy = 0piyy  in the SPD case (22Db)
04 in the SPDge-like case

ity Opinss and op,, respectively being the positive bounds of DY op,(-), DTop;(+), and
D% 0;(+), in accordance to point 2 of Lemma 1. q

4 The proposed adaptive scheme

If the accurate values of the elements of # in g(q, ) are unknown, exact gravity compensation
is no longer possible. However, in such a situation, global position stabilization avoiding
input saturation can still be accomplished through adaptive gravity compensation. This is
achieved by means of suitable strict bounds on the elements of 6, as described next.

Let My 2 (Mg, ..., My,)" and ©, 2 [ Mgy, Myy] X -+ X [=Mgp, Myy), with M,;, j =

1,...,p, being positive constants such that

|9]| < Maj (23&)
Vi e{l,...,p}, and

M,

Byt <T; (23b)
Vi € {1,...,n}, where, in accordance to Property 6, B;\f“ are positive constants such that
lgi(z,y)| = |Gi(x)y| < Bé‘f", t=1,...,n, Vo € R", Vy € ©,. Let us note that Assumption
1 ensures the existence of such positive values M,;, j = 1,..., p, satisfying inequalities (23).

Notice further that inequalities (23b) are satisfied if 3%, Bg,, M,; < Ti, Ba,||Mal| < T;, or
Be|| M|l < Tiy i = 1,...,n; actually, >°%_| Bg,; Maj, Bg,||Mal|, or Bg||M,||, may be taken
as the value of B;\f“ as long as inequality (23b) is satisfied.

Based on the generalized algorithm in Eq. (3), the proposed adaptive control scheme is

defined as

~ ~ ~

u(q,q4,0) = —s4(q,q,0) — sp(Kpq) + G(q)0 (24)

11



CONTROLLER

ACTUATOR

> —sd(q,q,é)—sP(KPq)+G(q)é e ROBOT | 4

o q
Auxiliary dynamic subsystem

$=-TG" ()] g+es,(K,7)]

0=s,(¢)

Parameter estimator

Figure 1: Block diagram of the proposed adaptive control scheme

with sp(-), K,, and s4(, -, -) being as defined in Section 3, and 0 (the parameter estimator)
being the output variable of an auxiliary (adaptation) dynamic subsystem defined as

¢ =-TG"(q) [+ esp(Kpq)] (25a)
é = Sa(¢) (25b)

where ¢ is the (internal) state of the auxiliary dynamics in Eq. (25a);
S, RP — RP
T
T (aal(asl) e aap(asp)>

04(+), 7 = 1,...,p, being strictly increasing generalized saturation functions with
bounds M,; as defined above, i.e. satisfying inequalities (23); I' € RP*? is a positive definite
diagonal constant matrix, i.e. I' = diag[y; ...,7,] withy; >0 forall j=1,...,p;and ¢ is a
positive constant satisfying inequality (10), i.e. (for ease on the reading, inequality (10) is
restated here)

£ < ey = min{ey, &0} (26)

where
&1 = _ébm
1 Bp

A fm

and E9 = TN

with

Bp = mlax{a}iMkpi} , Bu EkeBp+puBp , Bp

o'p;py being the positive bound of Do p;(+) in accordance to point 2 of Lemma 1,  as defined
through (5), and p,, par, ko, fm, and fyr as defined in Properties 1, 2a, and 3. A block
diagram of the proposed adaptive control scheme is shown in Fig. 1.

Remark 2 Observe that the control scheme in (24)-(25) does not involve the exact values of
the elements of 6. It only requires the satisfaction of inequalities (23). In other words, only

12



strict bounds M,; of |0;], 7 =1,...,p, —i.e. any set of them satisfying inequalities (23b)—
are involved. Notice further that a suitable choice of € does not require the exact knowledge
of the system parameters either. Indeed, observe, on the one hand, that an estimation of
the right-hand side of inequality (26) may be obtained by means of upper and lower bounds
of the system parameters and viscous friction coefficients (more precisely, nonzero lower
bounds of pu,, and f,,, and upper bounds of s, ko, and fis; see Properties 1, 2a, and 3).
On the other hand, the satisfaction of inequality (26) is not necessary but only sufficient
for the closed-loop analysis to hold, as shown in the following section, which permits the
consideration of values of € higher than €, (up to certain limit) without destabilizing the
closed loop. <

Remark 3 Let us note that the existence of suitable values of ¢ satisfying inequality (26) is
ensured through the consideration of the viscous friction terms in the manipulator open-loop
dynamics (see specifically the definition of £5). An approach independent of the consideration
of friction may be considered a stronger result. However, viscous friction is an ever-present
phenomenon in mechanical systems [38]. Moreover, such a dissipative phenomenon has also
been considered in previous works like that in [18]. In spite of the dependence on the friction
terms, the result developed in this work states an important contribution since it is the first
one to guarantee global stabilization —preventing input saturation— while stating a design
formulation that considers a generalized controller structure. Let us further highlight the
continuous nature of the adaptation algorithm in Eqgs. (25). This constitutes another main
difference of this work with respect to previous studies, like those in [17] and [18], where dis-
continuous adaptation algorithms were involved. Through the (Lipschitz-)continuous nature
of the proposed control scheme, theoretical issues naturally raised in the context of discontin-
uous dynamic systems, such as existence and uniqueness of the closed-loop solutions [31, 39],
are avoided. The consideration of more complex stability analytical frameworks addressed
to systems with discontinuous right-hand sides [39, 40] is avoided too. Moreover, the im-
plementation of the continuous adaptation dynamic subsystem in Eqs. (25) is released from
the logical operations inherent to the switching performed by the discontinuous adaptation
algorithms of the previous works. Thus, the continuous nature of the adaptation algorithm
developed in this work constitutes a convenient alternative developed within a simpler an-
alytical context and through simpler and/or more natural ways to cope with the need to
bound the auxiliary state variables. <

5 Closed-loop analysis

~

Consider system (1)-(2) taking u = u(q, ¢,0) as defined through Eqs. (24)-(25). Observe
that —under Assumption 1, the satisfaction of inequalities (23), and the consideration of

(2)— the fulfilment of (7) shows that
T > |ui(q,d4,54(90))| = lwi| = =] i=1,....n V(g,4,¢) ER* x R" xR (27)
Thus, under the consideration of Property 5, the closed-loop system takes the form
H(q)q+C(q.9)q + Fg = —54(q, 4, 54(¢)) — sp(Kpq) + G(4)5(9) (28)
6= —TGC"(q)[g +esp(Kpq)] (28D)

13



where ¢ = ¢ — ¢* and B B
Sa(¢) = 54(¢ + ¢7) — 54(¢") (29)

with ¢* = ((b’{, . ,¢;)T such that s,(¢*) = 0, or equivalently, ¢} = a;jl(ﬁj), j=1,...,p
—mnotice that their strictly increasing character renders the generalized saturation functions
04, 7 =1,...,p, (involved in the definition of s,) invertible—. Observe that, by point 6b of
Lemma 1, the elements of 5,(¢) in (29), i.e.

Gaj(05) = 0aj(dj + ¢7) — 04j(9])
j=1,...,p, turn out to be strictly increasing generalized saturation functions.

Remark 4 Let us note that, from Eqgs. (28) under stationary conditions, i.e. by considering

§=¢=0, and ¢ = Op, g4 proves to be the unique equilibrium position of the closed-loop
system —or equivalently, 0,, is the unique equilibrium position error of the closed loop—,
while the parameter estimation error equilibrium vector ¢, turns out to be defined by the
solutions of the equation G(qq)34(¢.) = 0,, and consequently 5,(¢.) € ker(G(qq)). q

Proposition 2 Consider the closed-loop system in Eqgs. (28), under the satisfaction of As-
sumption 1 and the conditions on the vector function sq stated through the expressions in
(4)~(7). Thus, for any positive definite diagonal matrices Kp and I', and any € satisfying

inequality (26), the trivial solution (q, ¢)(t) = (0,,0,) is stable and, for any initial condition

(q,4,9)(0) € R* x R"xRP, G(t) — 0, ast — o0, and 5,(¢(t)) — ker(G(qq)) ast — oo, with
()| = Ju; ()| < Ty, i=1,...,n, Vt > 0.

Proof. By (27), we see that, along the system trajectories, |7;(t)| = |u;(t)| < T;, Vt > 0.
This proves that, under the proposed adaptive scheme, input saturation is avoided. Now, in
order to develop the stability /convergence analysis, let us define the scalar function

é
Vi@, 4. 8) = Vol@,d) + / ST (r)T dr (30)

P

where foi o (r)T~tdr = 30, foij aj(r)7y; drj, and Vo(q,q) is as defined in Eq. (9); the
complete expression is given as

. 1. . 3 o[ ¢
Vi(q,4,9) = §qTH(q)q+as£(KPQ)H(Q)q+/ SITD(KPr>dT+/ s.(r)I~tdr
O, 0

P

Note that, from the positive definite and radially unbounded characters of (g, ¢) (shown in
the proof of Proposition 1) and points 6b, 4, and 5 of Lemma 1 (through which the integral
term in the right-hand side of Eq. (30) is concluded to be a radially unbounded positive
definite function of @), Vi(g, ¢, ) proves to be positive definite and radially unbounded. Its
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upper-right derivative along the system trajectories, V; = DTV, is given by

Vi(d,4,6) = q" H(q)i + %qTH (¢:9)d + esp(Kpa)H ()i + 4" H(g, 4)sp(Kpq)

+ T H(q)sp(Kpq) Kpg + sH(Kpg)q+ 5L ()T 16

= ¢"[ - C(q,9)q — Fq — sa(q. 4, sa<¢>) P(Kpq) + G(q)5a(0)] +
+esp(Kp) [ — Clq,4)d — Fq — 5a(q, 4, 54(¢)) — sp(Kpq) + G(g
+e¢"H(q,q)sp(Kpq) +ed" H(q)sp(Kpq )qu + sp(Kpq)d
—5.(0)G"(q)[¢ + esp(Kpq)]

= —"Fq— q"s4(q, 4, 54(9)) — esh(Kpq)Fg — esh(Kpq)sa(q, d: sa(9))
— esp(Kpq)sp(Kpq) + 4" Clq,q)sp(Kpq) + ed" H(q)sw(Kpq) Kpd

q"H(q.4)q

1
21
)5a(0)]

where H(q){j and ¢ have been replaced by their equivalent expressions from the closed-loop
manipulator dynamics in Egs. (28), Property 2b has been used, and s»(Kpg) was defined
n (14). Observe that from Properties 1, 2a, and 3, the satisfaction of (5), points (b) of
Definition 1 and 2 of Lemma 1, and the positive definite character of Kp, we have that

m(q: q, Qg) < _QTSd (Qa qs Sa(¢)) - W (Cj, Q)

where W1(q, ¢) was defined in (15) as

Wiad)— (ns%ﬂfq)n) (Leifany Ut o) (lortiioan)

and (based on the satisfaction if inequality (26)) shown to be a positive definite function
in the proof of Proposition 1. From this and (6), we have that V;(g,¢,¢) < 0, ¥(q, 4, ¢) €
R™ x R" x R?, with Vi(7,4,¢) =0 <= (q,q4) = (On,0,). Therefore, by Lyapunov’s second
method [32, Chap. II, §6], the trivial solution (g, $)(t) = (0,,0,) is concluded to be stable.
Now, in view of the radially unbounded character of Vi(q, ¢, @), the set Q = {(q,¢,¢) €
R™ x R" x R? : V1(q, ¢, ¢) < c} is compact for any positive constant ¢ [31, p. 128]. Moreover,
in view of the negative semidefinite character of Vl(q, 4, @), Q is positively invariant with
respect to the closed-loop dynamics [31, p. 115]. Furthermore, from previous arguments,
we have that E = {(q,¢,¢) € Q : Vl(q i,0) =0} ={(q,¢4,¢) € Q:q=¢=0,}. Further,
from Remark 4, the largest invariant set in E, denoted M, is given as M = {(¢,¢,¢) € E :

54(¢) € ker(G(qq))}. Thus, by the invariance theory [37, §7.2] —more specifically, by [37,
Theorem 7.2.1]—, we have that (,q,$)(0) € @ = (q,4,6)(t) - M ast — oco. Since
this holds for any ¢ > 0 and Vi(q, ¢, ¢) is radially unbounded (in view of which Q may be
rendered arbitrarily large), we conclude that, for any (g, ¢, ¢)(0) € R® x R* x RP, ¢(t) — 0,
as t — 0o and 5,(é(t)) — ker(G(qq)) as t — oo, which completes the proof. N

Corollary 1 If GT(qq)G(qq) is nonsingular, then the trivial solution (q,¢)(t) = (0,,0,) is
globally asymptotically stable.
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Proof. This is concluded by noting on the one hand that non-singularity of G7 (¢4)G(qq)

implies that ker(G(qq)) = {0,}, and on the other hand that 5,(¢) =0, <= ¢ = 0,. Then,
from Proposition 2, we have that, for any (g,q,¢)(0) € R™ x R® x RP, (g, ¢)(t) — (0,,0,)

as t — 0o, whence the stability of the trivial solution (g, ¢)(t) = (0,,0,) is concluded to be
globally asymptotical [31, §4.1], [41, §26], [32, Chap. I, §2.10-2.11], [42, §2.3.1]. <

Remark 5 Adaptive versions of the SP-SD controller and of the SPD and SPDgc-like al-
gorithms of [9] are obtained by considering in the proposed design method the expressions
in (16), (18), and (20), respectively, with suitable adjustments on the saturation function
parameter conditions. Thus, the SP-SD controller with adaptive gravity compensation is
obtained from (24) taking

~

sa(7,4,0) = sp(Kpq) (31)

with sp(-) and Kp as defined in Remark 1, and the involved bound values, Mp; and Mp;,
satisfying
Mpi+MDi<T'i—Bé\gla (32)

1=1,...,n, the adaptive SPD scheme is gotten taking

~

sd(q,4,0) = sp(Kpq + Kpq) — sp(Kpq) (33)
with sp(+) as defined for this case in Remark 1, and bound values satisfying
Mp; <T; — B)* (34)
1=1,...,n, and the adaptive SPDgc-like algorithm is obtained taking
sa(q, 4, 0) = so (G(Q)é — sp(Kpq)) — so (G(Q)é — sp(Kpq) — Kpq) (35)
with so(+) as defined in Remark 1, and the involved saturation function parameters satisfying
Bl + Mp; < Loy < My < T, (36)

i=1,...,n. For these cases, k in (26) remains as specified in Remark 1, through Eqs. (22),
i.e. (for ease of reading, Eqs. (22) are restated here)

K= HliaX{O'ng?Di} (37a)

where
0p;y  in the SP-SD case

Oy = { Opiyy  in the SPD case (37h)
opn  in the SPDgc-like case

hints Oping, and o, respectively being the positive bounds of Dtop,(:), DYop;(-), and
D% 0;(+), in accordance to point 2 of Lemma 1. q
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Figure 2: Experimental setup

6 Experimental results

In order to experimentally corroborate the efficiency of the developed adaptive approach,
real-time control implementations were carried out on a 2-DOF direct-drive manipulator.
The experimental setup, shown in Fig. 2, is a prototype of the 2-revolute-joint robot arm
used in [43, 44], located at the Instituto Tecnoldgico de la Laguna. The actuators are direct-
drive brushless motors operated in torque mode, so they act as torque source and accept an
analog voltage as a reference of torque signal. The control algorithm is executed at a 2.5
ms sampling period in a control board (based on a DSP 32-bit floating point microprocessor
from Texas Instrument) mounted on a PC-host computer. The robot software is in open
architecture, whose platform is based in C language to run the control algorithm in real
time.
For the considered experimental manipulator, Properties 1, 2a, 3-5 are satisfied with

aw = ("5 St tw) - 0= (V) B @

fim = 0.088 kgm?, 1137 = 2.533 kgm?, ke = 0.1455 kgm?, By, = 40.29 Nm, By, = 1.825 N,
fm = 0.175 kgm?/s, and fy; = 2.288 kgm?/s. The maximum allowed torques (input satu-
ration bounds) are T3 = 150 Nm and T, = 15 Nm for the first and second links respectively.
From these data, one easily corroborates that Assumption 1 is fulfilled.

The proposed adaptive scheme in Eqs. (24)-(25) was tested in its SP-SD, SPD, and
SPDgc-like forms, under the respective consideration of expressions (31)-(32), (33)-(34), and
(35)-(36). The involved saturation functions were defined as

opi(s) = Mp;sat(c/Mp,) and op;(s) = Mp;sat(s/Mp,)

1 =1,2, in the SP-SD case;

© S Vis| < Lp;
opi(S) = sign(¢)Lp; + (Mp; — Lp;) tanh (%ﬁ?iipi) V|s| > Lp;

with 0 < Lp; < Mp;, i = 1,2, in the SPD case;
opi(s) = Mp;sat(s/Mp,) and og;(s) = My, sat(s/M,,)
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1= 1,2, in the SPDgc-like case; and

( ) S V|§| S Laj
Oqj == . —sign i
T sign() Lag + (Mo — Log) tanh (52800} | > 1,

with 0 < Lg; < Mg, j = 1,2, in all the three cases. Let us note that with these saturation
functions we have o, = 0piy = o4y = 1, Vi € {1,2}, and that in consequence, for
the three controllers, inequality (5) is satisfied with x = max;{kp;} (see Eqgs. (37)). The
experimental implementations were run fixing the following saturation parameter values (all
of them expressed in Nm): Mp; = 58, Mpy = 38, Mpy = 7, and Mps = 4 in the SP-SD case;
Mpy = 50, Mpy =7, and Lp; = 0.9Mp;, ¢ = 1,2, in the SPD case; My; = 120, Mp; = 50,
Myy =12, and Mpy = 7 in the SPDgc-like case; and My = 50, Mo = 3, and L,; = 0.9M,;,
7 = 1,2, in all the three cases. These saturation function parameter values were corroborated
to satisfy inequalities (23), (32), (34), and (36), taking Bé\fa = 23:1 Ba, Mg, 1 = 1,2, i.e.
BJ{* =53 and Bly* = 3.

For comparison purposes, additional experiments were implemented considering the adap-
tive controller proposed by [18] —referred to as Z.00— (choice made in terms of the analog
nature of the compared algorithms: bounded adaptive; comparison of controllers of different
nature looses coherence), i.e.

G(q)0 — KpTi(Apg) — KpTh(Apg)
P(Q(g,4),9)

. R
|

0

where Ty, (z) = (tanh(xl), e ,tanh(zn))T; Ap = diag[Ap1, ..., Ap,] and Ap = diag[Ap1, ..., Apn]
with Ap; = 1 [rad]™! and Ap; = 1 s/rad, Vi € {1,...,n}; Q(q,q) = —T'GT(q)[¢ +Tn(q)]; the
elements of P are defined as

é Qj if Hjm < éj < QJ‘M or (é] < Hjm and Qj > 0) or (é] > HjM and Qj < 0)
0 if (é] < Hjm and Qj < O) or (éj > ejM and Qj > 0)

j=1,...,p, with 0}, and 0,/ being known lower and upper bounds of ¢; respectively; and
the initial auxiliary state values are taken such that éj(O) € [0jm,0im], j =1,...,p. The
parameter bounds were fixed at 0y,, = 10, 61y, = 70, 05, = 0.5, and 03y, = 5 [Nm].

The results of two experimental tests (for every implemented controller) are presented.
The initial and desired link positions at all the executed experiments were ¢;(0) = ¢2(0) =
¢1(0) = ¢2(0) = 0 and gg1 = ggo = 7/4 [rad], while the auxiliary state variable initial values
were taken as ¢1(0) = ¢2(0) = 0 for the SP-SD, SPD, and SPDgc-like algorithms, and
¢1(0) = 20, ¢2(0) = 2 [Nm] for the Z.00 controller. Let us notice that through the selected
desired configurations, the condition stated by Corollary 1 is satisfied (one can verify from
G(q) in (38) that, for the considered manipulator, the desired configurations that satisfy the
condition stated by Corollary 1 are those such that g4 # mim and g4 + qg2 # mem, for any
my, Mo = O,:]:].,:l:2, ce )

With the aim at getting fast position responses, in the first implementation —referred to
as Test 1—, high control gains were taken for the SP-SD, SPD, and SPDgc-like algorithms,
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Table 1: Control parameter values: Test 1

’ prmtr. \ SP-SD \ SPD \ SPDgc-like \ 200 \ units ‘
kpy 2900 3500 3700 Nm/rad
70 Nm
po 225 250 250 Nm/rad
9 Nm
- 40 80 40 Nms/rad
6.5 Nm
kb 3 6 3 Nms/rad
2.5 Nm
" 25 25 9 500
Yo 0.05 0.05 0.15 2 Nm/rad
- 0.000021 | 0.000014 | 0.000017 rad/Nms
0.0005 rad/s
s ‘—sp-s1‘3 ---SI"D o S‘PDgc-lik‘e --Z ?o\
l‘.5 2 2‘.5 3 3‘.5 4‘1 4‘.5 5
Time [s]
l‘.5 2 2‘.5 é 3‘.5 4‘1 4‘.5 5
Time [s]

Figure 3: Test 1: position errors

and a consequent considerably small value of € satisfying inequality (26) was fixed. As for the
Z.00 scheme, a relatively small value of £ was also taken (although several times higher than
for the other algorithms) and reasonable values of the rest of the tuning parameters were fixed
disregarding the tuning procedure stated in [18, Theorem 2| in order to prevent considerably
slower responses, with control gains small enough to avoid input saturation (recall that they
fix the bounds of the SP and SD actions). Under the stated considerations, the tuning
parameter combination giving rise to the best closed-loop performance —in terms mainly of
stabilization time (as short as possible) and transient response (avoiding or lowering down
overshoot and oscillations as much as possible)— was determined from numerous trial-and-
error experiments for every implemented controller. The resulting values are presented in
Table 1.

Figures 3-5 show the results of Test 1 for every implemented controller. Observe that the
SP-SD, SPD, and SPDgc-like algorithms achieve the position regulation objective —avoiding
input saturation— in less than 2 seconds. On the other hand, the parameter estimators
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—SP-SD ---SPD ' SPDgc-like == Z 00
T T T T

25 3 35 4 45 5
Time [s]

Figure 4: Test 1: control signals

—SP-SD ---SPD  SPDgc-like == Z 00
201~ T T T T

-05 I I I I | | | I |
0 0.5 1 15 2 25 3 3.5 4 4.5 5

Time [s]

Figure 5: Test 1: parameter estimators
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Table 2: Control parameter values: Test 2
’ prmir. \ SP-SD \ SPD \ SPDgc-like \ 2,00 \ units ‘

kpr 2100 | 1600 1850 Nm/rad
75 Nm
ko 225 125 250 Nm/rad
9 Nm
ko 40 80 40 Nms/rad
6.5 Nm
- 3 6 3 Nms/rad
2.5 Nm
1 0.5 0.5 9 375
12 0.015 | 0.015| 0.25 15 | Nm/rad
- 3 2.5 0.31 rad/Nms
0.1 rad/s

present important steady-state errors. These parametric convergence errors are mainly due
to the unmodeled phenomena such as the static friction. It is worth pointing out that the
small value of € importantly reduces the ability of the adaptation auxiliary dynamics to
decrease the parameter estimation steady-state error. However, it is important to note that
this does neither prevent the position regulation objective to be achieved (avoiding input
saturation), nor to do it in a considerably short time. As for the additional implementation,
notice that the Z.00 controller generates lower bias in the parameter estimator steady-state
values but the size of the errors is however observed to remain considerable and, more
importantly, the position responses could not be stabilized throughout the duration of the
test.

In order to get an improved parameter estimation, in the second implementation —
referred to as Test 2—, a higher value of € was fixed for the SP-SD, SPD, and SPDgc-like
algorithms (considerably higher than in the precedent test) disregarding inequality (26)
(recall that the condition stated by inequality (26) is only sufficient) keeping large control
gains; in this context, for every one of the mentioned controllers, the tuning parameter
combination giving rise to the best closed-loop performance was determined from numerous
trial-and-error experiments. As for the Z.00 scheme, an increased value of € was also taken
and adjustments in a control and the adaptation gains were done, keeping the rest of the
control parameters with the same value taken in Test 1 but gains Ap;, i = 1,2, (inside
the hyperbolic tangent functions involved in the SP action) greater than unity were fixed;
specifically: Ap; = 1.75, Aps = 3.5 [rad™!]. The resulting values are presented in Table 2.

Figures 6-8 show the results of Test 2 for every implemented controller. Observe that,
as in Test 1, the SP-SD, SPD, and SPDgc-like algorithms achieved the position regulation
objective —avoiding input saturation— in less than 2 seconds. Moreover, an improved
parameter estimation took place. In this direction, observe that, among the referred schemes,
the algorithm with the greatest parameter estimation bias is the one with the lowest value
assigned to e, corresponding to the SPDgc-like controller. As for the Z.00 scheme, an
improved parameter estimation, comparable to that obtained through the algorithms that
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—SP-SD ---SPD " SPDgc-like == Z 00

0.2 0.05
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Figure 6: Test 2: position errors

‘—SP-SD ---SPD - SPDgc-like - - Z 00
;

i i i
0 20 40 60 80 100 120 140 160 180

i I | I |
0 20 40 60 80 100 120 140 160 180

Time [s]
Figure 7: Test 2: control signals
[—SP-SD ---SPD « SPDge-like - - Z 00]
60 T T T T 60
50} - e m mingmo =i e
'€40
_2opt T I
< o
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Time [S] Time [s]

Figure 8: Test 2: parameter estimators
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took the highest value of € i.e. the SP-SD and SPD controllers, is observed too. Nevertheless,
position stabilization was not completely achieved throughout the duration of the test.

7 Conclusions

In this work, a generalized adaptive control scheme for the global regulation of robot manip-
ulators with bounded inputs was proposed. Compared to the adaptive approaches previously
developed in a bounded-input context, the proposed scheme guarantees the adaptive reg-
ulation objective: globally, avoiding discontinuities in the control expression as well as in
the adaptation auxiliary dynamics, preventing the inputs to attain their natural saturation
bounds, imposing no saturation-avoidance restriction on the choice of the P and D (posi-
tive) control gains, and giving rise to adaptive versions of a general class of bounded PD-type
controllers that include the so-called SP-SD algorithms among others. The efficiency of the
proposed adaptive scheme was corroborated through real-time experimental tests on an ac-
tual 2-DOF manipulator. These results showed that fast enough position regulation is always
possible —avoiding input saturation— through sufficiently high control gains. On the other
hand, the unmodeled phenomena —such as the static friction— produce steady-state errors
in the parameter estimations. These may be decreased —when a suitable desired config-
uration is defined (according to Corollary 1)— through a higher value of the adaptation
subsystem gain ¢.

Appendix: Proof of Lemma 1

1. Since o is a Lipschitz-continuous function that keeps the sign of its argument (according
to point (a) of Definition 1), and is nondecreasing and bounded by M, there exist
positive constants ¢~ < M and ¢t < M such that

 (sign(s) = 1)c™ + (sign(s) + D)et 4 .

[s|]—o0 2

Hence, we have that:

h) —
lim D*o(¢) = lim limsup <+ h) =)
[s]—o00 ls|l=o0 p—o+ h
h) —
= limsup lim (c+h)=<(s)
h—o+ lsl—o0 h
= lim sup Oo0 700 _ 0
h—0+t h

2. Since o is a Lipschitz-continuous nondecreasing function, we have that D*o (<) exists
and is piecewise-continuous on R, and that Do (¢) > 0, Vs € R. On the other hand,
in view of its piecewise-continuity, D*o (<) is bounded on any compact interval on R.
Thus, its boundedness holds on R if lim|,oc Do (<) < 0o. Since limj|,oo DT (c) =0
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(according to point 1 of the statement), we conclude boundedness of D¥o (<) (on R),
i.e. there exists a non-negative finite scalar o), such that D7 o(s) < o}, Vs € R.
Finally, observe that by virtue of point (a) of Definition 1, there exists a € (0, oo] such
that Dto(¢) > 0, Vs € (—a,a) \ {0}, whence we conclude that o}, > 0.

3. From Lipschitz-continuity of o, its satisfaction of point (a) of Definition 1, and the
boundedness of D" o by a positive constant ¢y, (according to point 2 of the statement),

it follows that
Dt o(ks)
M

o (k)| < lo (k)| < oiylhs]

V¢ € R, whence —considering that ¢ has the sign of its argument (according to point
(a) of Definition 1)— we have that

o(kr) N N
/ ——~D%o (k?")drg/ a(kr)drﬁ/ ko'rdr
Y 0 0

wherefrom we get

2 k S k /2
o (ks) S/ o(kr)dr < Inms
2ka’y, 0 2

Vs € R.

4. Strict positivity of [ o(kr)dr on R\ {0} follows from points 3 of the statement and
(a) of Definition 1, by noting that (k) > 0, Vs # 0.

5. From the Lipschitz-continuous and nondecreasing characters of o, and its satisfaction
of point (a) of Definition 1, we have that there exist constants a > 0, k, > 0, and ¢ > 1
such that |0 ()| > kq |asat(s/a)|®, whence we get

Sa(s) & /0< sign(r)k, |asat(r/a)| dr < /0< o(ks)dr

Vs € R, with

L ]t V| <a

a® (|| — ci—cl) Vic| > a

Thus, from these expressions we observe, on the one hand, that

Sa(s) =

<

lim S,(¢) < lim o(kr)dr

¢[00 Is[—o0 Jo

and, on the other, that S,(¢) — 00 as || — oo, wherefrom we conclude that [ o (kr)dr —
o0 as |g| — oo.

6. Suppose o is strictly increasing. Let ¥, n,¢ € R.
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(a) Since o is strictly increasing, we have that

o(p)>o(n) < ¢¥>n
and
a(y) <o(n) < ¥ <n
Let ¢ = ¢+ n. Then
o(s+n)—oc(n)>0 < ¢>0 VheR
and
o(c+n) —o(n) <0 < ¢<0 VnekR
whence it follows that ¢[o(sc+n) — o(n)] > 0, Vs # 0, ¥n € R.
(b) For any constant a € R, let 6(s) = o(s +a) — o(a).

e Lipschitz-continuity. From the Lipschitz-continuity of ¢ and point 2 of the
statement, we have that |o(s) — o(n)| < o%y,ls —nl|, ¥s,n € R. Then

[7(5) = a(m)] = [(o(s + a) —o(a) = (¢(n+a) — o(a))|
ot + ) - oln-+)
< oiy|(s +a) = (n+a)|
< ahyls =
V¢, n € R, which shows that & is Lipschitz-continuous.

o Strictly increasing monotonicity. From the strictly increasing monotonicity
of o, we have that

< o(c+a)—o(a) >o(n+a)—o(a)
< o(s+a)>oa(n+a)
<~ ¢ta>n+a

— ¢>7

a(s) >a(n)

which shows that & is strictly increasing.

e ¢i(s) > 0, V¢ # 0. From point 6a of the Lemma, we have that ¢a(s) =
slo(s+a) —o(a)] > 0, for all ¢ # 0 and any a € R.

e |5(s)| <M =M +|o(a)|, Vs € R. Since |o(c)] < M, Vs € R, we have that

7()] = lo(s +a) —a(a)] < [o(s +a)| +|o(a)] < M + |o(a)] = M

Thus, according to Definition 1, ¢ is concluded to be a strictly increasing gener-
alized saturation with bound M = M + |o(a)|.

o(v

— o(v(n))
+v(n), Vn €

7. Let us begin by noting, from point (c) of Definition 1, that |v(n)| < L
v(n), ¥n € R. Furthermore, |[c + v(n)| < L = o(s+v(n) =<
Hence,

R.

g[a(g + 1/(77)) — O'(V(’I]))} =¢? >0 for all ¢ # 0 such that |¢ +v(n)| < L, and all n € R.
(39)
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On the other hand, if ¢ + v(n) > L, which implies that
> L—v(m) > L— ()] >0
Vn € R, then (from point (c) of Definition 1 and the nondecreasing character of o)
o(s+v(n) —o(vin) >L-v(mn) >L—|vn|>0
Vi € R, while if ¢ + v(n) < —L, which implies that
s<—L-v(n) <-L+|v(n)<0
Vn € R, then
o(s+vm) —o(vn) <-L-wvn) <-L+vmn)] <0
Vn € R, and consequently
slo(s+v(n) —o(v(n)] >0 forall ¢ € R such that s+ v(n)| > L, and all n € R.

(40)
Thus, from (39) and (40), it follows that < [o(¢+v(n)) —o(v(n))] > 0, Vs # 0, Vn € R.
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